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Abstract

This paper is continuation of the systematic study of distribution of quadrant
marked mesh patterns initiated in [7]. We study quadrant marked mesh patterns on
up-down and down-up permutations, also known as alternating and reverse alternat-
ing permutations, respectively. In particular, we refine classic enumeration results
of André [1, 2] on alternating permutations by showing that the distribution of the
quadrant marked mesh pattern of interest is given by (sec(zt))!/* on up-down per-
mutations of even length and by fot (sec(a:z))H%dz on down-up permutations of odd
length.
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1 Introduction

The notion of mesh patterns was introduced by Brandén and Claesson [4] to provide explicit
expansions for certain permutation statistics as, possibly infinite, linear combinations of
(classical) permutation patterns (see [6] for a comprehensive introduction to the theory of
permutation patterns). This notion was further studied in [3, 5, 7, 9, 10, 13].

Let 0 = 0y...0, be a permutation in the symmetric group .S,, written in one-line
notation. Then we will consider the graph of o, G(o), to be the set of points (i, 0;) for
1 = 1,...,n. For example, the graph of the permutation ¢ = 471569283 is pictured in
Figure 1. Then if we draw a coordinate system centered at a point (i,0;), we will be
interested in the points that lie in the four quadrants I, II, III, and IV of that coordinate
system as pictured in Figure 1. For any a,b,c,d € N where N = {0,1,2,...} is the set of
natural numbers and any ¢ = oy ...0, € S, we say that o; matches the quadrant marked



mesh pattern M M P(a, b, c,d) in o if in G(o) relative to the coordinate system which has the
point (i, 0;) as its origin, there are > a points in quadrant I, > b points in quadrant II, > ¢
points in quadrant III, and > d points in quadrant IV. For example, if o = 471569283, the
point o4 = 5 matches the quadrant marked mesh pattern MM P(2,1,2,1) since relative
to the coordinate system with origin (4,5), there are 3 points in G(o) in quadrant I, 1
point in G(o) in quadrant II, 2 points in G(o) in quadrant III, and 2 points in G(o) in
quadrant IV. Note that if a coordinate in MM P(a, b, c,d) is 0, then there is no condition
imposed on the points in the corresponding quadrant. In addition, one can consider patterns
MMP(a,b,c,d) where a,b,c,d € NU{0}. Here when one of the parameters a, b, ¢, or d in
MMP(a,b,c,d) is the empty set, then for o; to match MM P(a,b,c,d) in o =o0y...0, €
Sy, it must be the case that there are no points in G(o) relative to coordinate system with
origin (i,0;) in the corresponding quadrant. For example, if 0 = 471569283, the point
o3 = 1 matches the marked mesh pattern MM P(4,2,0,() since relative to the coordinate
system with origin (3,1), there are 6 points in G(o) in quadrant I, 2 points in G(o) in
quadrant II, no points in G(o) in quadrant III, and no points in G(o) in quadrant IV. We
let mmp(@>“9(g) denote the number of i such that ¢; matches the marked mesh pattern
MMP(a,b,c,d) in o.
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Figure 1: The graph of o = 471569283.

Note how the (two-dimensional) notation of Ulfarsson [13] for marked mesh patterns
corresponds to our (one-line) notation for quadrant marked mesh patterns. For example,

k
MMP(0,0,k,0) = , MMP(k,0,0,0) = ] ,

u

Kitaev and Remmel [7] studied the distribution of quadrant marked mesh patterns in the
symmetric group S, and Kitaev, Remmel, and Tiefenbruck [9, 10] studied the distribution of
quadrant marked mesh patterns in 132-avoiding permutations in S,,. The main goal of this
paper is to study the distribution of the statistics mmp®%09)  mmp(%:1.0.0) 0,0.1.0) "and

MMP(0,a,b,c) = and MMP(0,0,0,k) =

, MNP



mmp®0% in the set of up-down and down-up permutations. We say that o = oy ... 0, € Sy,

is an up-down permutation if it is of the form

01 <09 >03<0y4>05<---,
and o is a down-up permutation if it is of the form

01> 09<03>0,< 05> .

Let UD,, denote the set of all up-down permutations in S,, and DU, denote the set of
all down-up permutations in S,,. Given a permutation o = o;...0, € S,, we define the
reverse of o, 0", to be 0,0,_1...01 and the complement of o, 0 to be (n+1 —o7)(n +
l—03)...(n+1—0,). Forn>1, we let

mmp(1:0:0.0) (o mmp(1:0:0,0) (o
A2n(x) = E P ( )a Banl(x) = E ™ ( )7
o€UD2y, c€UD2yp—1
mmp(1:0,0.0) (& mmp(1:0.0.0) (&
Con(z) = E ™ @) and Doy, 1(x) = E x™mP @),
o€DUszy, oc€DUgpn—1

We then have the following simple proposition.
Proposition 1. For alln > 1,
xmmp(o,Lo,o)(U) _

(0,0,0,1) (0,0,1,0)
Lmmp©00D (o) Lmmp®010 ()

(1) A2n(x) = Z

2.

2

)

oc€DUs, ceDUszy, oc€UD2y,
(2) Conw) = D amme®00O = B g = 7 g,
ocUDs, oc€UDay, oc€DUszy,
(3) Bualw) = 3 ammtO = R gt = T g,
oc€UD2n—1 oc€DUzpn—1 0€DUzp—-1
and
(4) D2n71(1‘): Z xmmp(o’lvo’o)(a): Z xmmp(ovo’ovl)(a) _ Z xmmp(o,o,l,o)(a)'
c€DUszpn—1 c€UD2yp_1 c€UD2y—1

Proof. 1t is easy to see that for any o € 5,,,
mmp®2%9 (¢) = mmp@L09 (67) = mmp©@OO (6¢) = mmp@OLO ((o7)°).
Then part 1 easily follows since
0 €UD,y, <= o¢" € DU,, <= 0° € DU, <= (0")° € UDsy,.

Parts 2, 3, and 4 are proved in a similar manner.



It follows from Propostion 1 that the study of the distribution of the statistics mmp(%%00),

mmp® 90 mmp@019 and mmp©@%0Y in the set of up-down and down-up permutations
can be reduced to the study of the following generating functions:

th
Alt,z) = 1+ Ao () —,
nzzzl (2n)!
t2n71
B(t = Bs,,_ —_—
(ta) = D Bu(@) (2n — 1)
n>1
3 Conlo) o
C(t,z) = 14+ ) Cy(r)-—, and
= (2n)!
t?n—l
D(t = Doy, N —
(o) = > Do 1(:’?)(277,—1)!
n>1
In the case when x = 1, these generating functions are well known. That is, the

operation of complementation shows that As,(1) = Cs,(1) and Ba,_1(1) = Dg,_1(1) for all
n > 1 and André [1, 2] proved that

Z Ay (1 = sec(t)
n>0

and

Zan 1 2n— @n 1) = tan(t).

n>1

Thus, the number of up-down permutations is given by the following exponential generating
function

t
sec(t) + tan(t) = tan (5 + %) : (1)
We shall prove the following theorem.
Theorem 1. We have
Alt,x) = (sec(xt))Y,

B(t,x) = (sec(xt))l/x/o(sec(xz))U“dz,

C(t,z) = 1+/0 (sec(zy)) 't /y(sec(xz))l/"dz dy, and

D(t,z) = /O(sec(xz))”:ldz.

As an immediate corollary to Theorem 1 we get, for example, that the number of
up-down permutations by occurrences of MM P(1,0,0,0) is given by

A(t,z) + B(t, ) = (sec(xt))V® <1 + /Ot(sec(a:z))l/xdz)

4



which refines (1).

One can use these generating functions to find some initial values of the polynomials
Ay, (), Bap_1(x), Copn(x), and Ds, 1(x). For example, we have used Mathematica to com-
pute the following tables.

Ay (2)
1
X
z*(3 + 2x)
z3 (15 + 30z + 1627)
2% (105 + 420z + 58822 + 27227)
2° (945 + 6300x + 163802% + 18960z + 7936x1)
2% (10395 + 103950z + 4296602* + 893640z + 911328z + 353792x°)

ook wl v —lo S

By, ()

1

2z

8z%(1 + x)

162° (3 4 8z + 62%)

12824 (3 + 15z + 272% + 1723)

2562° (15 + 120z + 38122 + 55623 + 310z%)

10242° (45 + 525z + 25622% + 64202° + 81462 + 41462°)

oo ] ol —| 3

an(l')

22 (8 + 287 + 2527)

2% (48 + 296z + 61427 + 4272°)

27 (384 + 3648z + 1310422 + 2092027 + 1246527

27 (3840 + 51840z + 28233622 + 7690722° + 1039946z" + H557312")

oo wl v —lo s

3 + 8z + bx?)

15 + 75z + 1212% + 612°)

945 + 110252 + 5103022 + 11535023 + 1249212 + 505212°)

oo |l —| 3

2
z°
2T (105 + 840 + 247827 + 31282 + 138527)
2
2

10395 + 166320z + 110533522 + 385968023 + 73656332z* + 71581282° + 27027652°)




The outline of this paper is as follows. In Section 2, we shall prove Theorem 1. Then in
Section 3, we shall study the entries of the tables above explaining them either explicitly
or through recursions.

2 Proof of Theorem 1

The proof of all parts of Theorem 1 proceed in the same manner. That is, there are simple
recursions satisfied by the polynomials Ay, (), Bopi1(z), Con(z), and Da,y1(x) based on
the position of the largest value in the permutation.

2.1 The generating function A(t, x)

If o =o0y...00, € UD>,, then 2n must occur in one of the positions 2,4,...,2n. Let

U Déik) denote the set of permutations o € U D»,, such that o9, = 2n. A schematic diagram

)

of an element in U Déik is pictured in Figure 2.

2n

| | |
\ 1 \
2k-1 | 2n-2k

position
2k

Figure 2: The graph of a o € UDgik).

Note that there are @Zj) ways to pick the elements which occur to the left of position
2k in such o and there are Bgy,_1(1) ways to order them since the elements to the left of
position 2k form an up-down permutation of length 2k — 1. Each of the elements to the
left of position 2k contributes to mmp™®%% (). Thus the contribution of the elements
to the left of position 2k in ZanDé%) gmmp 000 () g Bor_1(1)2?*=1. There are Ay, o1(1)
ways to order the elements to the rrilght of position 2k since they must form an up-down
permutation of length 2n — 2k. Since the elements to the left of position 2k have no effect
on whether an element to the right of position 2k contributes to mmp*%%9(g), it follows
that the contribution of the elements to the right of position 2k in ZanDé%) gmmptt 00 (o)

is Ao, ok (). It thus follows that '



or, equivalently,

Aoy () zn: Bop 1 (1)1 Ay, _op(2)

2n -1 ~ (2k—1)! (20— 2k) (2)

Multiplying both sides of (2) by t**~! and summing for n > 1, we see that

/42n(10t2n_1 232n71(1)x2n—1t2n—1 /42n(10t2n
2 (2n — 1)! :<Z (2n — 1)! )(Z (2n)! )

n>1 n>1 n>0

By André’s result,

2n—142n—1
Z Bona(D)2™ "t = tan(xt)
(2n —1)!
n>1
so that 5
aA(t, x) = tan(xt) A(t, ).

Our initial condition is that A(0,x) = 1. It is easy to check that the solution to this
differential equation is
A(t, z) = (sec(xt))/=.

2.2 The generating function B(¢,z)

Ifo=01...0041 € UDs, 1, then 2n+1 must occur in one of the positions 2,4, ..., 2n. Let

U Dgfﬁl denote the set of permutations o € UDsy, 1 such that oo = 2n + 1. A schematic

k)

diagram of an element in U Dgi is pictured in Figure 3.

2n+1

| | |
\ | \ |
2k-1 2n-2k+1
position
2k

Figure 3: The graph of a o € UDSijl.

Again there are (2,§f1) ways to pick the elements which occur to the left of posi-
tion 2k in such ¢ and the contribution of the elements to the left of position 2k in

(1,0,0,0) . _
ZanD@’“) ™M (@) is Byp_1(1)z?*~1. There are Ba,_sry1(1) ways to order the ele-
2n+1

ments to the right of position 2k since they must form an up-down permutation of length



2n — 2k + 1. Since the elements to the left of position 2k have no effect on whether an
element to the right of position 2k contributes to mmp®%%9 (), it follows that the contri-
bution of the elements to the right of position 2k in mmp(0.00)(0) §

O'EUD(Qk) T 1S B2n—2k+1 (ZL‘)
It thus follows that if n > 1, then

2n+1

“ 2n _
B2n+1($) = Z ( )B%l(l)iﬂﬂ€ 182n72k+1(x)-
k=1
Hence for n > 1,

Bouia (1) _ o= Boea (D2 Boy g ()
(2;)! B> ]ZZk—l)! (2n—2k/:—|— nr (3)

Multiplying both sides of (3) by ¢*", summing for n > 1, and taking into account that
By (x) =1, we see that

BQnJrl (:L,)th BZn+1 (1)x2n+1t2n+1 BQnJrl (:L,)th—l—l
>Rl (3 Bt ) (3 Bt ).

n>0 n>0 n>0

Since

= tan(xt),

Z B2n_1(1)x2n71t2n71
= (2n —1)!

we see that 5
aB(t, x) =1+ tan(xt)B(t, x).

Our initial condition is that B(0,z) = 0. It is easy to check that the solution to this
differential equation is

B(t, z) = (sec(xt))V" /0 (sec(z2))"V=dz.

2.3 The generating function C(¢,z)

If o =o0y...09, € DUs,,, then 2n must occur in one of the positions 1,3,...,2n — 1. Let
DUQ(ikH) denote the set of permutations ¢ € DU, such that ooty = 2n. A schematic
diagram of an element in DUQ(TQZICH) is pictured in Figure 4.

Note that there are (2’;;1) ways to pick the elements which occur to the left of position

2k + 1 in such o and there are Cy;(1) = Agx(1) ways to order them since the elements to
the left of position 2k + 1 form a down-up permutation of length 2k. Each of the elements
to the left of position 2k + 1 contributes to mmp:%%%(5). Thus the contribution of the
clements to the left of position 2k+1in Y. o € UDSH gmme® (@) i5 A, (1)2%F. There are
Ban_ak-1(1) ways to order the elements to the right of position 2k + 1 since they must form
an up-down permutation of length 2n — 2k + 1. Since the elements to the left of position
2k + 1 have no effect on whether an element to the right of position 2k 4+ 1 contributes to



\
2k 2n-2k-1
position
2k+1

Figure 4: The graph of a 0 € DU2(2k+1).

n

mmp %20 (), it follows that the contribution of the elements to the right of position 2k
in ZanDg%) gmmpH000 (o) jg Boy—ok—1(z). It thus follows that
— (2n—1
Cop(z) = Z ( )A2k(1)$2k32n2k1($),

2k
k=0

or, equivalently,

Con(z) nz_l Age(1)2*  Bop_op_1() (@)
@1 & (k] (2n-2k -1
Multiplying both sides of (4) by #**~! and summing for n > 1, we see that
Z an(x)t%_l _ Z 32n71(1)x2n—1t2n—1 Z Agn(iﬂ)t%
(2n —1)! (2n —1)! (2n)! ‘

n>1 n>1 n>0

By André’s result,

142n(1)12nt2n
% ol = sec(xt)
so that 5 ,
£C(1,3) = sec(at) B, 1) = (sec(at)"* /0 (sec(z2)) = d=. (5)

Our initial condition is that C(0,2) = 1. Both Maple and Mathematica will solve this
differential equation but the final expressions are complicated and not particularly useful
for enumeration purposes. Thus we actually used the RHS of (5) to find the entries of the
table for the initial values of Cs,(x) given in the introduction. Nevertheless, we can record
the solution of (5) as

1

C(t,z) = 1+/0 (sec(wy))tT= /Oy(sec(a:z))_?ldz dy.



2.4 The generating function D(t,x)

Ifo=o01...00011 € DUy, then 2n41 must occur in one of the positions 1,3,...,2n+1.
Let DUQ(ELT{D denote the set of permutations o € DUy, 1 such that oopy; = 2n + 1. A

schematic diagram of an element in DUQ(ilﬁl) is pictured in Figure 5.

2n+1

2k 2n-2k
position
2k+1
. 2k+1
Figure 5: The graph of a 0 € DUQ(HJrl ),

Note that there are (32) ways to pick the elements which occur to the left of position
2k + 1 in such o and there are Cy;(1) = Agx(1) ways to order them since the elements to
the right of position 2k + 1 form a down-up permutation of length 2k. Each of the elements
to the left of position 2k + 1 contributes to mmp:%%%(5). Thus the contribution of the

elements to the left of position 2k + 1 in ZUGDU(%H) 2mmpH000 (0) o Agi(1)z2*. There
2n+1

are As, or(1) ways to order the elements to the right of position 2k + 1 since they must
form an up-down permutation of length 2n — 2k. Since the elements to the left of position
2k + 1 have no effect on whether an element to the right of position 2k + 1 contributes
to mmp™*%0 (), it follows that the contribution of the elements to the right of position
2k +11in ZUGDU(%H) gmmp 00 (0) i Agp—or(x). It thus follows that if n > 1, then

2n+1

Dopia(z) = zn: (2”) Ago(1)a? Ay _op ().

2k
k=0

Hence for n > 1,

l)2n+1(10 = f42k(1)$2k f12n—2k(x)
RO SRR (6)

Multiplying both sides of (6) by #*" and summing for n > 0, we see that
Z D2n+1(l’)t2n . (Z Agn(1)$2nt2n> (Z Agn(x)t2”>
= (2n)! = (2n)! = (2n)!

so that 9

aD(t, ) = sec(z, ) A(t, z) = (sec(xt)) =

10



Our initial condition is that D(0,z) = 0 so that the solution to this differential equation is

D(t,x):/o (sec(z2)) 't 2 dz.

2.5 A remark on MMP(k,0,0,0) for k > 2

We note that we cannot apply the same techniques to find the distribution of marked mesh
patterns MM P(k,0,0,0) in up-down and down-up permutations when k > 2. For example,
suppose that we try to develop a recursion for Agi’o’o’o) (T) = X evns, gmmp*00(0) - Then if

we consider the permutations ¢ = oy ...09, € UDs, such that oo, = 2n, we still have @Zj)

ways to pick the elements for oy ...09;_;. However, in this case the question of whether

some o; with ¢ < 2k matches the marked mesh pattern MM P(2,0,0,0) in o is dependent

on what values occur in oogyq...09,. For example, if 2n — 1 € {o9k11,...,02,}, then

every o; with ¢ < k will match the marked mesh pattern MM P(2,0,0,0) in 0. However,

if 2n — 1 € {o1,...,091}, this will not be the case. Thus we cannot develop a simple
3 (2707070)

recursion for Ay ().

3 The coefficients of the polynomials Ay,(z), Bo,i1(z),
Con(x), and Doy, 1(x).

The main goal of this section is to explain several of the coefficients of the polynomials
Ao (), Bony1(x), Cop(z), and Dayy,qq(z). First it is easy to understand the coefficients of
the lowest power of x in each of these polynomials. That is, we have the following theorem,
where 0!! = 1 and, for n > 1, (2n)!! =[] ,(2¢) and (2n — D! =7, (20 — 1).

Theorem 2.

(1) Foralln > 1,
0 fo<k<n

Agn ()]0 = {(Qn -t ifk=n.

(2) For alln > 1,
0 if0<k<n

Bani1 () |or = {(Zn)!! if k=n.

(3) Foralln > 1,
0 if0<k<n-—1

(4) For alln > 1,
0 if0<k<n
D) = =
2n - ifk=n.

11



Proof. For (1), note that if 0 = o07...09, € UDsy,, then oy, matches the pattern
MMP(1,0,0,0) for i = 0,...,n — 1. Thus mpp+**9(s) > n. We now proceed by in-
duction to prove that Ag,(z)|,» = (2n — 1)l for all n > 1. This is clear for n = 1
since Ay(z) = x. Now suppose that ¢ = o1...09, € UD,, and mpp%%0 () = n.
It is then easy to see that it must be the case that oo = 2n (otherwise o, is an un-
wanted occurrence of the pattern MM P(1,0,0,0)). Moreover, if 7 = red(os...09,), then
7 € UDy,_5 and mmpH%%0 (7) = n — 1. Thus since we are assuming by induction that
Agp—o()|gn-1 = (2n — 3)!!, we have 2n — 1 choices of oy and (2n — 3)!! choices for 7. Hence
Aoy (z)]n = (2n — 1)1

For (2), note that if 0 = o0y...09,41 € UDsgyi1, then o911 matches the pattern
MMP(1,0,0,0) for i = 0,...,n — 1. Thus mpp%%9 () > n. We now proceed by in-
duction to prove that B, 1(z)|zn = (2n)!! for all n > 1. This is clear for n = 1 since
Bs(r) = 2x. Now suppose that ¢ = 01 ...09,41 € UDayy1 and mppt009(g) = n. It is
then easy to see that it must be the case that oo = 2n+1. Moreover if, 7 = red(o3 . .. 02,41),
then 7 € UDsy,_; and mmpH%%0(7) = n — 1. Thus since we are assuming by induction
that Bo,_1(z)|mn-1 = (2n—2)!!, we have 2n choices of o7 and (2n — 2)!! choices for 7. Hence
Bani1(x)]en = (2n)! for n > 1.

For (3), note that if o = 07 ... 09, € DUy, then o9; matches the pattern MM P(1,0,0,0)
fori=1,...,n — 1. Thus mppt*%9(s) > n — 1. Suppose that mppt*09(g) =n — 1. It
is then easy to see that it must be the case that o, = 2n. Moreover, if 7 = 05...09,, then
7 € UDy,_; and mmp299 (1) = n — 1. Thus we have (2(n — 1))!! choices for 7 by part
(2). Hence Coy,(x)|zn-1 = (2(n — 1))

For (4), note that if 0 = 01...09,11 € DUsyy1, then oy matches MM P(1,0,0,0) for
i=1,...,n. Thus mppt®29(s) > n. Suppose that mpp1%99(5) = n. It is then easy
to see that it must be the case that o = 2n + 1. Moreover, if 7 = 05...09,.1, then
7 € UDsy, and mmp%%9 (1) = n. Thus we have (2n —1)!! choices for 7 by part (1). Hence
Dopi1(z)|en = (2n— 1) for n > 1. O

We can easily explain the coefficients of the highest power of z in each of the polynomials
Aoy (), Bapy1(x), Con(z), and Dayy,qq(x). That is, we have the following proposition.

Proposition 2.

(1) For all n > 1, the highest power of x that appears in Ay, (x) is x>

with coefficient Ba,_1(1).

which appears

(2) For alln > 1, the highest power of x that appears in By, 1(z) is z*"1

with coefficient (2n)Ba,—1(1).

which appears

2n—

(3) For all n > 1, the highest power of x that appears in Co,(x) is z*"~2 which appears

with coefficient (2n — 1) Ag,—o(1).

(4) For all n > 1, the highest power of x that appears in Do, 1(x) is 2** which appears
with coefficient Ay, (1).

12



Proof. For (1), it is easy to see that mmp%%0 () is maximized for a o = oy ... 09, € UDs,
when oy, = 2n. In such a case mmp*%%(g) = 2n—1 and oy . .. 09, can be any element
of UDQn_l .

For (2), it is easy to see that mmp1999(5) is maximized for a ¢ = 01...09,41 €
UDsny1 when oy, = 2n 4 1. In such a case mmp%99(g) = 2n — 1. We then have 2n
choices for 09,11 and red(oy . .. 09,_1) can be any element of U Dy, 1. Thus By, 1(z)|z2n-1 =
(Qn)Bgn_l(]_)

For (3), it is easy to see that mmp%%0(g) is maximized for a 0 = oy ... 09, € DUs,
when 05,1 = 2n. In such a case mmp1%%9 () = 2n—2. We then have 2n—1 choices for o,
and red(oy ... 09,_2) can be any element of DUy, 5. Thus Coy,,(x)|,2n-2 = (2n—1)Co,_o(1) =
(2 — 1) g (1).

For (4), it is easy to see that mmp:*09 (¢) is maximized fora o = 0 ... 09n11 € DUspy1
when 0g,.1 = 2n + 1. In such a case mmp*%%(g) = 2n. Then oy ...y, can be any
element of DUy,. Thus Day,11()|p2n = Con(1) = Agp(1).

O

3.1 Recursions on up-down permutations of even length

By Theorem 2, the lowest power of x that appears with a non-zero coefficient in A, (x) is
x". Next we consider Ay, ()| +r for fixed k. That is, we let

A = [{o € UDyy : mmp"%9(5) = n + k}|

for fixed k > 1. Our goal is to show that A5 = pi(n)(2n—1)!! for some fixed polynomial
pr(n) in n. That is, we shall prove the followmg theorem, where we let

() lp=2(z—1)---(r —n+1)ifn>1and (z) [o= 1.
Theorem 3. There is a sequence of polynomials po(z), p1(x), ... such that for all k > 0,
AR = pr(n)(2n — D! for alln > k + 1.

Moreover for k > 1, the values pg(n) are defined by the recursion

pk(n) BQk-i—l Z Z B2J+1 2] t— 1) J, " _j(t i 1) (7)

H
(2k+1) — 5 2]+1)

where po(x) = 1.

Proof. We proceed by induction on k. For £k = 0, we know by Theorem 2 that A3 =
(2n — 1)!! for all n > 1 so that we can let po(z) = 1.
Now assume that k& > 1 and the theorem is true for s < k. That is, assume that for
0 < s < k, there is a polynomial p,(z) such that for n > s+ 1, A" = py(n)(2n — 1)L
It is easy to see that for 0 = 0y ...09, € UDs,, mmp(looo)(a) >n+kif o9 = 2n
where 7 > k + 2 because then 09,04, ...,09,12 as well as 09,41 such that + =0,...,n —1
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will match the pattern MM P(1,0,0,0) in o. Thus if mmp2%9(g) = n 4 k, then 2n €
{09,04,...,0042}. Now suppose that j < k + 1 and o9; = 2n. Then we have (22?:11) ways
to choose the elements oy, ...,09_1 and we have By;_1(1) ways to order them. Then we
know that o; matches the marked mesh pattern MM P(1,0,0,0) in o for i odd and for
i € {2,4,...,2j — 2}. Hence, it must be the case that mmp9%0) (red(og;i ... 09,)) =
n—j+k—j4 1. Thus it follows that for n > k + 1,

o (21— 1
n - n k— 1
Aprtt=3 (2j - 1)323'1(1)A 2oy (8)
j=1
AGnTE (k+1)+ .
Now define pi(n) = @2y for n > k+ 1. Note that A%Jr2 = Bay1(1) since for a

T =1T1...Toppa € UDopyo to have mmp(h099) (1) = 2k + 1, it must be the case that 7o =
2k + 2 and, hence, we have By, 1(1) choices for 71 ... 79, 1. Hence, pp(k+ 1) = Bar1(1)

@k+ DN -
We can rewrite (8) as
pr(n)2n— D! = 2n— Dpr(n —1)(2n — 3)!1 +
k+1 23 2
2n—1—j . .
z o By (Upsa(n = )20 =2 = DL (9)

Dividing (9) by (2n — 1)!!, we obtain that

pi() —piln—1) = 32““22] S =)
5 Baya(1)2(n—1) |, .
= > (2)]'+1)! : Prey(n =7 = 1)

j=1
Hence for n > k + 1,

n

pr(n) —pe(k+1) = > pu(t) —piu(t = 1)

t=k+2
Bojer(1)29(t — 1) | ,
Yy %HQH) Vi =),
t=k+2 j=1 ]

It follows that for n > k + 1,

n

pu(n) = Boyia (1) Z Z Boj1(1)27(t — 1) | it —j—1).

H
(2k+1) —~ 5 2j+1)

This proves (7).
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Since ps(z) is a polynomial for s < k, it is easy to see that

"~ By (1)27(t —1) | :

t=k+2
is a polynomial in n for j = 1,..., k. Thus p(n) is a polynomial in n. O

One can use Mathematica and (7) to compute the first few expressions for py(n). For
example, we have computed that

po(n) = 1,

nim = 3(5).

n(2 + Tn — 14n? + 5n?)

pa(n) = 90 , and
n(192 — 478n + 213n? + 227n — 198n* + 35n)
ps(n) = 5670 '

3.2 Recursions on up-down permutations of odd length

Theorem 4. There is a sequence of polynomials qo(x), q1(x), ... such that for all k > 0,
B%’flk = q(n)2n)!! for alln >k + 1.

Moreover for k > 1, the values qx(n) are defined by the recursion

ng 1 - BQ 1 _1(2t —1- 28) i
a(n) = QJ]; T Zl ; = 2] 1) Qe (t —j — 1) (10)
J t=k+2

where qo(z) = 1.

Proof. We proceed by induction on k. For & = 0, we know by Theorem 2 that B3, =
(2n)!! for all n > 1 so that we can let go(z) = 1.

Now assume that & > 1 and the theorem is true for s < k. That is, assume that for
0 < s < k, there is a polynomial ¢s(z) such that for n > s+ 1, B3"/* = qs( )(2n)!.

We can argue as in Theorem 3 that if mmp(1-009(¢) = n+k, then 2n € {09,04, ..., O i2}.
Now suppose that j < k41 and 0y; = 2n. Then we have (2; 1) ways to choose the elements
O1,...,02—1 and we have By;_1(1) ways to order them. Then we know that o; matches the
marked mesh pattern MM P(1,0,0,0) in o for i € {2,4,...,25 —2} U{1,3,...,2n — 1}.
Hence, it must be the case that mmp9%9 (red(og;11 ... 09541)) =n —j+k—j+ 1. Thus
it follows that for n > k + 2,

k+1
" 2n k—j+1
Byt = ( , )sz—l(l)Bz(;nf))ﬁ o (11)
i



=n+k
Now define gx(n) = B2"+1 for n > k 4+ 1. Note that Bg,ii? = (2k + 2)Baj11(1) since
for a 7 = T1...Topss 6 UD2k+3 to have mmp%99 (1) = 2k 4 1, it must be the case
that Top1e = 2k 4+ 3 and, hence, we have 2k + 2 choices for 79513 and Bayy1(1) choices for

71 Tongre Thus, gu(k+ 1) = G20 — Baafl),

We can rewrite (11) as

a(n) 2!l = (2n)gr(n — 1)(2n — 2)!! +
k+1 2] 2 277, ]) | |
Z 2] —1)! By 1(1)qr—j1(n — j)(2n — 25)!. (12)

Dividing (12) by (2n)!!, we obtain that

o~ By 1 (1) T2 (2n — 25 — 1
3 (D) TTimi )

qe(n) — qu(n —1) = 2 — 1)1 Gr—j+1(n = J). (13)

j=2
Hence for n > k + 2,

n

a(n) — gk +1) = D alt) —aq(t—1)

t=k+2
BQ 1 H (2’)7, — 25— 1) .
= 3oy PeaTELCn 2, oy
t=k+2 j=1 J ’
It follows that for n > k + 1,
BQk+1 - BQJ+1 1(271 — 28 — ].) .
= _i(t—3—1). 14

This proves (10).
Since gs(x) is a polynomial for s < k, it is easy to see that

. 71 n—28— . . . . .
D ikr2 BQHl(l)gjs'illg? 2 1)Qk_j(t_] —1) is a polynomial in n for j = 1,..., k. Thus g(n)

is a polynomial in n. O

One can use Mathematica and (10) to compute the first few examples of gx(n). For
example, we have computed that

qO(n) = 17
n?—1
aq1 (TL) - 3 )
—2)(n — 1)(5n? -3
oy = OV
3515 — 84n° — 193n* + 345n3 4+ 140n% — 81n + 198
@(n) = )

5670
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3.3 Recursions on down-up permutations

Similar results hold for down-up permutations.

Theorem 5. There are sequences of polynomials ro(z),r1(x), ... and so(x), s1(x), ... such
that for all k > 0,

ok =y (n)(2n — 2N for alln > k + 1. (15)
and

DM = s (n)(2n — D! for alln >k + 1. (16)

Proof. By Theorem 2, C5" " = (2n — 2)!l and D3, = (2n — 1)!! for all n > 1. Thus we
can let ro(z) = so(z) = 1.

For a permutation ¢ = 0y ...09, € DUy, to have mmpH%%0 () = n — 1 + k, it must
be the case that 2n € {01, 03, ...,0041}. If 02;11 = 2n where j € {0,1,...,k}, then there
are (2’;;1) ways to pick the elements of oy ...09; and Cy;(1) ways to order them. Then
red(oaj42 . .. 02,) € UDsg,—j_1y41 and must have n—1+4k—(2j) matches of MM P(1,0,0,0).
p=(n—i—D+k=j

2(n—j—1)+1

k
2n —1 i ;
Can = Z ( 27 )O2j(1)Bz(n;'1)+1 g (17)

J=0

Thus we have ways to order 0949 ...09,. It follows that for n > k + 1,

But Cy;(1) = Ag;(1) and By 7177 = (2(n—j —1)!lgx_j(n—j —1). Thus for n > k+1,

ezt = 3 (M) A2 -~ D)ty - - 1)

=0

= (zn—z)uZA”(l) i=(12(j2)7+1_28)(2(n—j—1))!!qk—j(n—j—1)-

=0
Thus C;." 1% = (2n — 2)!!r.(n) where
i Ag; () ITL_y(2n + 1 — 25)
2))!
A similar argument will show that for n > k + 1,
k
§=0

Since A;(’;:ﬂ;rk*j = (2(n —j) — DUpg_;(n — j), we obtain that

rr(n) = Qe—j(n—j—1). (18)

k
Dt = 3 (5)As (et i) - Dipucyfn -

k J n — 25
_ (2n_1)”ZA2j(1) 3:1(2 +2-2 )pk—j(n_j)~

g (29)!



Thus Dy, HF = (2n — 2)!si(n) where

i J n — 4S8

One can use (18) and (19) to compute 7 (n) and si(n) for the first few values of k. For
example, we have that

ro(n) = 1,
2n®+2n —3
ni = 5
20n* 4 24n3 — 128n? — 12n + 45
ro(n) = , and
360
. (n) B 280m5 + 168n° — 4820n* + 3168n3 + 8734n? — 6702n + 2835
3 - 45360 '
Similarly, we have
so(n) = 1,
n(n + 2
Sl(n) = ( 3 )7
5n% + 16n% — 68 47
sa(n) = n(bn’ + n90 n + ),and
n(35n° + 126n* — 340n3 — 417n? + 656n — 60)
s3(n) = 5760 ‘

4 Conclusion

In this paper, we have shown that one can find the generating functions for the distribution
of the quadrant marked mesh patterns M M P(1,0,0,0), MM P(0,1,0,0), MMP(0,0,1,0),
and MMP(0,0,0,1) in both up-down and down-up permutations by proving simple re-
cursions based on the position of the largest element in a permutation. As noted in
Subsection 2.5, these simple type of recursions no longer hold for the distribution of the
quadrant marked mesh patterns MM P(k,0,0,0), MMP(0,k,0,0), MMP(0,0,k,0), and
MMP(0,0,0, k) in both up-down and down-up permutations when k > 2. However, our
techniques can be used to study the distribution of other quadrant marked mesh patterns in
up-down and down-up permutations. For example, in [8], we have proved similar recursions
based on the position of the smallest element in a permutation to study the distribution of
the quadrant marked mesh patterns MM P(1,0,0,0), MMP(0,1,0,0), MMP(9,0,1,0),
and MMP(0,0,0,1) in both up-down and down-up permutations. In this case, the recur-
sions are a bit more subtle and the corresponding generating functions are not always as
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simple as the results of this paper. For example, if we let

t2n 0.0,
A(l’o’@’o)(x,t) = 1—}—2 5] Z e AR CORPOI
n>1 ( 77,) oc€UDay,
(1,0,0,0 2 mmp(10:0.0) (o)
BE e t) = Z(2n+1)| . @ >
n>0 " 0€UD2p 1

then we can show that

ARSI () = (sec(t))”,

e - Bty

1 1+z2 3 . 1 242 3 .
((1 — 1) oF} (5, —5 i gsin (t2)) +x o F (ﬁ’T; 5ssin (tQ)))

where o Fy(a,b;c;2) = Zf:o%ﬁ and (z), = z(x —1)---(x —n+1)if n > 1 and
(ZE)O = 1.

There are several directions for further research that are suggested by the results of
this paper. First, one can study the distribution in up-down and down-up permutations of
other quadrant marked meshed patterns MM P(a, b, ¢, d) in the case where a, b, ¢, d € {0, 1}.
More generally, one can study the distribution of quadrant marked mesh patterns on other
classes of pattern-restricted permutations such as 2-stack-sortable permutations or vexillary
permutations (see [6] for definitions of these) and many other permutation classes having
nice properties. Finally, we conjecture that the polynomials Ay, (x), Bayi1(x), Copn(x), and
Dyy,i1(x) are unimodal for all n > 1. This is certainly true for small values of n.
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