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Abstract. The distribution of mesh patterns of length 2 over all permutations has
recently been completely classified into 105 equivalence classes through a series of pa-
pers by several authors. In this paper we initiate the corresponding classification over
the class of alternating permutations. The alternating setting is substantially richer:
we prove that the 1024 mesh patterns of length 2 fall into exactly 203 distribution-
equivalence classes on alternating permutations. Several equivalences over all per-
mutations no longer hold after restricting to alternating permutations, while some
new equivalences appear only in the alternating setting; moreover, some known all-
permutation bijections do not preserve alternation. We overcome these obstacles
using symmetry, a redundant-corner lemma, local toggles, block decompositions, an
inclusion-exclusion argument, and modified bijections inspired by work of Han and
Zeng.
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1 Introduction

Denote by S, the set of permutations of [n] = {1,2,...,n}. A mesh pattern of
length k£ is a pair (7, R), where 7 € Sy and R C [0, k] x [0, k], where [0, k] denotes
the interval of the integers from 0 to k. Let (i,j) denote the box with corners
(4,7),(4,74+1),(i+ 1,574+ 1),(i+1,7). For example,

is a mesh pattern of length 2 with 7 =12 and R = {(0,0), (1,0),(1,1),(1,2),(2,2)}.
An occurrence of (1,R) in m € S, is an occurrence of 7 whose associated shaded
boxes contain no other points of the diagram of .

The concept of mesh patterns was introduced by Bréndén and Claesson [3]. The
systematic study of avoidance for mesh patterns of length 2 began with Hilmarsson
et al. [11]. Kitaev and Zhang [12] initiated the systematic study of their distribu-
tions. Subsequent progress in [9, 13, 17, 8, 19] led to the complete all-permutation
classification into 105 distribution-equivalence classes. Other distributional questions
for longer mesh patterns, especially joint equidistributions for length 3 patterns, have
also been studied in [14, 15, 16, 7].



This paper extends the classification program for mesh patterns of length 2 to alter-
nating permutations. We say that a permutation 7 = 7y ---m, € 5, is up-down if
T < g >mg < My >m5 < ---,and down-up if w1 > my < w3 >my < 75 >

Following [10], we use the term alternating permutation to refer to a permutation of
either type. Let UD,, and DU,, denote, respectively, the sets of up-down and down-up
permutations in 5, and set

A, :=UD,UDU,.

It is well-known that

\UD,,| = |DU,| = E,,

where F,, denotes the nth Euler number, with £y = 1. Alternating permutations are
classical objects dating back to André [1, 2], whose secant-tangent enumeration is one
of the earliest landmarks in enumerative combinatorics. They have since appeared in
many forms, including binary increasing trees [5], permutation statistics [6, 18], run
polynomials [4], and, more recently, in the study of maxima and minima statistics on
alternating permutations [10], which is essentially a study of distributions of singleton
mesh patterns (i.e., mesh patterns of length 1). For instance, it follows from [10] that
the exponential generating function for the distribution of the singleton mesh pattern
-4 on up-down permutations of even length is (sect)?, where t records the length
and ¢ records the number of occurrences of the pattern; here, these occurrences are
precisely the elements that are right-to-left maxima, as defined in Section 3.

For a mesh pattern p, let p(7) denote the number of occurrences of p in a permutation
7. Two mesh patterns p; and p, are equidistributed on alternating permutations if

Z qpl(ﬂ) _ Z qu(ﬂ)

ﬂ'EAn WEAn

for every n > 0, which we denote by p; ~ ps. Our computations, performed for all
1024 patterns (7, R) with 7 € {12,21} and R C [0,2] x [0,2], produce 203 stable
classes (i.e., classes that no longer split for larger values of n) through n < 10. The
proofs below establish all 203 classes, yielding the following main result.

Theorem 1.1. There are exactly 203 distribution-equivalence classes of mesh patterns
of length 2 on A,.

Interestingly, several equivalences that hold for all permutations in [17] no longer hold
when restricted to alternating permutations (for example, for the patterns 3% and
3+), while some new equivalences arise only in the alternating setting (for example,
for the patterns = and 34). Moreover, some known bijections for all permutations
do not preserve alternation; for example, the involution ¥ of Han and Zeng [9, The-
orem 1.9], which proves ﬁ ~ ﬁ; on the set of all permutations, does not preserve
alternation.

Table 1 displays all patterns in the 17 classes that require nontrivial justification,
with the trivial reverse/complement orbits joined into proof blocks by the redundant-
corner lemma (Lemma 2.1). Table 2 displays all patterns in the remaining 186 classes,
ordered by decreasing class size. Thus, the two tables together give all 203 computa-
tional distribution-equivalence classes.
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Table 1: Equivalence classes requiring class-specific arguments.
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Table 2 (continued)
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Table 2 (continued)

nr. trivial nr. trivial
184 3+ 4 185 B H
186 H# 187 3 2
188 maafiinen 189 o
190 3 4 191 3 H
192 T H 193 H
194 #+ X 195 #H 3
196 3+ 197 H# 3
198 H 3 199 3t B
200 3 4 201 H#+ #
202 H#+ 203 7+ 4

Table 2: Trivially equivalent classes.

The rest of the paper is organized as follows. In Section 2, we introduce two important
lemmas. The first allows us to establish the equivalence of many pairs of patterns
immediately, while the second is used several times throughout the paper in bijective
arguments. Section 3 discusses all patterns requiring nontrivial justification, often via
bijective arguments, thereby completing our classification of distribution-equivalence
classes. Finally, in Section 4, we provide concluding remarks.

2 Preliminaries

For a permutation 7 = mymy - - - m,, its reverse is the permutation 7" = m,m,_1---m
and its complement is the permutation 7¢ = ¢(my)e(ms) - - - ¢(m,) where ¢(z) = n+1—uz.
For example, for m = 41325, 77 = 52314, and 7¢ = 25341. It is easy to see that both
operations are bijections on A,. However, we point out that the inverse (usual
group-theoretic) operation does not preserve alternating property. As an example,
the inverse of m = 1423 is inv(m) = 1342, which is not an alternating permutation.

We will repeatedly use the following redundant-corner lemma (RCL).

Lemma 2.1 (Redundant-corner lemma). Let R' = R U {(0,0)}, where (0,0) ¢ R.
If each of (0,1),(0,2),(1,0) belongs to R, then (12, R) and (12, R') have the same
number of occurrences in every alternating permutation and hence (12, R) ~ (12, R').

Applying the reverse, complement, or both gives the corresponding statements for the
other three corners (namely, (0,2), (2,0), and (2,2)).

Proof. Since R C R/, every (12, R')-occurrence is a (12, R)-occurrence. Conversely,
let a = m; < b=m; be a (12, R)-occurrence for i < j. Suppose that the box (0,0) is
nonempty. Then i > 1, and the shading of (0, 1) and (0, 2) gives m;—; < a. Alternation
therefore gives m;1.1 < a. If j =1+ 1, then b = 1,11 < a, a contradiction. If j > 7+ 1,
then ;1 lies in the shaded box (1,0), again a contradiction. Hence (0,0) is empty,
so the occurrence is also a (12, R')-occurrence. O



Lemma 2.2 (Consecutive-value toggle lemma). For m € A,, let pos,(x) be the
position of the element x. Fix 1 < a <t <n and set

pre

ot =17 € Ap i T = a and pos, (t) < pos,(s) for every s < a},

and
EXYt ={m € A, m = a and pos,(t) > pos.(s) for every s < a}.

Both |EPY| and |EPT| are independent of t € {a+ 1,...,n}. Moreover, the number

a,t a,t

of permutations in A, ending in 1t is independent of t € {2,...,n}.

Proof. For 1 < k < n, define 6, by interchanging the values k£ and k+ 1 when they are
not adjacent in 7, and leaving m unchanged when they are adjacent. Since no value
lies strictly between k and k£ + 1, the interchange preserves every adjacent inequality;
hence 6, is an involution on A,,.

re

If a+1 <t < n, then 0, fixes the first element a and maps &}

likewise maps Efft onto 5pfﬁ31. Indeed, if ¢ — 1 and ¢ are interchanged, then ¢ — 1

a
takes the former position of t. If they are adjacent and hence unchanged, they lie
on the same side of every value smaller than a. Since 6, ; is an involution on A4,,
its restriction to £ (resp., 29 is injective. Moreover, for any m € £ (resp.,
EPYY)), we have 0,1 () € EVY (resp., EX9) and 0,1 (0,1 (7)) = 7. Hence 6;,_; gives a
bijection in both cases. Thus successively applying 6;_1, 6;_o, ..., 0,.1 gives bijections

t t
from £ to £y and from £ to £y

For 2 <t < mn,let B, ={r € A, : my_1m, = 1t}. Suppose t > 2 and 7 € B,.
Since the final element ¢ is adjacent only to the preceding element 1, and ¢t — 1 # 1,
the values t — 1 and ¢ are not adjacent in 7. Thus #;_; interchanges them and fixes
the penultimate element 1. Its image therefore ends in 1(¢ — 1). Similarly, since
f;_1 is an involution on 4, its restriction is a bijection B; — B;_;. Consequently,
|B:| = |Bi—1| = - - - = | Ba|, which proves the last assertion. O

onto &MY |, and

We call two patterns trivially equivalent if they are related by reverse, complement,
their composition, or repeated applications of Lemma 2.1. Using only reverse and
complement gives 272 preliminary classes; allowing applications of RCL reduces this
to 240. The remaining nontrivial equivalences are handled below.

3 The nontrivial classes

Within each small block of Table 1, the patterns are equidistributed by reverse,
complement, and Lemma 2.1. Hence the proofs below need only compare one repre-
sentative from each block. As this paper only considers patterns of length two, the
cases n < 2 are trivial. Hence, throughout the proofs below, it suffices to consider
n > 2.

Theorem 3.1. All patterns in Class 1 are equidistributed on A,,.



Proof. By the preceding observation, it is enough to prove

Each of these patterns has at most one occurrence. In the first pattern, the two
fully shaded left columns force the selected positions to be 1 and 2, and the shaded

rightmost box in the middle row forces the selected values to be consecutive. Thus
it occurs exactly when my = 7 4 1.

Each of the other four patterns occurs exactly when m; = 1: their shaded rows or
columns force the first selected value to be 1 and its position to be the first position;
the remaining shading merely selects, respectively, the value 2, the last element, the
value n, or the second element as its unique partner.

It remains to compare these two events. Deleting the initial 1 and taking the reduced
form (that is, relabelling the i-th smallest element as i; this operation is often called
standardization in this paper) gives a bijection

{me A, :m =1} — DU, _;.
Similarly, deleting m; and taking the reduced form gives a bijection
{mreA, :mg=m+1} — DU,_;.

Indeed, if o € DU,,_; and a = o1, increment every element of ¢ that is at least a and
then prepend a; this is the inverse of the second map. Hence both events have size
|DU,,—1]. Since all five occurrence statistics take only the values 0 and 1, they have
the same distribution. O

For a permutation m = mmy -+ - m,, an element 7; is a right-to-left maximum (resp.,
right-to-left minimum) if =, > m; (resp., m; < m;) for every j > i. We denote
the numbers of these elements by rmax(7) and rmin(w), respectively. Left-to-right
mazimum and left-to-right minimum are defined analogously, by comparing 7; with
every m; for j < ¢; their numbers are denoted by lmax(7) and Imin(m). For example,
let m = 351624, which is alternating. Its right-to-left maxima are 4, 6, the right-to-left
minima are 4, 2, 1, the left-to-right maxima are 3,5,6, and the left-to-right minima
are 3, 1. Hence rmax(m) = 2, rmin(7) = 3, Imax(7) = 3, and lmin(7) = 2.

Theorem 3.2. All patterns in Class 2 are equidistributed on A, .

Proof. Choose the first pattern in each of the seven blocks of Class 2. It is enough
to prove that these seven representatives are equidistributed on A,,:

8 T ol s e Sl oo
b1 P2 P3 P4 Ps Pe pr

Fix 7 € A,,. Since both 1 and 7, are right-to-left minima, there are rmin(r)— 1 right-
to-left minima different from 1, as well as rmin(7) — 1 nonfinal right-to-left minima.
Examining the shaded boxes from left to right yields the following bijections between
occurrences:



e py pairs 1 with each right-to-left minimum different from 1;
e po pairs consecutive right-to-left minima in their left-to-right order;

e p3 pairs each right-to-left minimum b # 1 with the leftmost element smaller
than b;

o py pairs each right-to-left minimum b # 1 with the element b — 1;

e s, D, and p; pair each nonfinal right-to-left minimum with, respectively, the
final element, the next element, and the largest element to its right.

In each case, the corresponding partner is unique, and the shading conditions char-
acterize precisely the indicated pair. Conversely, every such pair determines an oc-
currence. Hence p;(7) = rmin(w) — 1 for 1 < ¢ < 7. Thus the seven statistics agree
pointwise on A,, and, in particular, are equidistributed. O

Theorem 3.3. All patterns in Class 3 are equidistributed on A, .

Proof. Choosing the first pattern from each of the seven blocks in Class 3, it suffices
to compare the following seven representatives:

R R

D2 b3 2 Ds De b7

Fix 7 € A,. Reading the shaded boxes gives the unique possible occurrence of each
representative:

e D1, P2, Ps, and p; pair 1 with, respectively, the smallest element to its right, the
final element, the next element, and the largest element to its right;

e p3 and p4 pair m, with, respectively, the rightmost and leftmost earlier element
smaller than m,;

e ps pairs 7, with the earlier element 7w, — 1.

Each indicated partner exists precisely when m, # 1, and the shaded boxes charac-
terize exactly that pair. Hence, for 1 <1 <7,

= [l AL
i\T) =
b 0, m, =1

Thus the seven representatives are pointwise equal on A,,, and therefore all patterns
in Class 3 are equidistributed. O

Theorem 3.4. All patterns in Class 4 are equidistributed on A,,.

Proof. Choose the following representatives from the first, second, and third blocks
of Class 4, respectively. It is enough to prove their equivalence:

couoT



Each pattern has at most one occurrence. The shaded boxes give the following
conditions:

pp: m > 1 and m; — 1 precedes every value smaller than 7 — 1,
po i m < n and n precedes every value smaller than 7,
p3: m <n and 7 + 1 precedes every value smaller than 7.

For each fixed m; = a < n, the one-occurrence sets for p, and ps are P and &/, ;,
respectively. Applying Lemma 2.2 therefore gives py ~ ps.

It remains to compare p; and p3. Suppose that 7 has a ps-occurrence. If m; and
m + 1 are not adjacent, interchange these two values. The resulting alternating
permutation begins with 7m; + 1, and the value m; precedes every smaller value, so it
has a pi-occurrence. If 71 and 71 +1 are adjacent, then they are the first two elements;
complementing 7 changes this initial ascent into an initial consecutive descent and
again gives a pj-occurrence. The inverse uses the same value interchange in the
nonadjacent case and complement in the adjacent case. This is a bijection between
the one-occurrence sets of p3 and pq, so p; ~ ps.

Hence p; ~ py ~ ps, proving the class. 0

Theorem 3.5. All patterns in Class 5 are equidistributed on A,,.

Proof. Choose the following representative from each of the four blocks of Class 5:
D1 P2 D3 P4

It is enough to prove p; ~ py ~ p3 ~ ps. Each representative has at most one
occurrence on A,,. Reading the shaded boxes gives

p1: posg(1) < pos(2),
P2 Tp_1 < Tp,

p3 T < Ty,

ps: pos,(1) < pos,(n).

For n > 2, each displayed event holds for exactly half of A,. Indeed, reverse in-
terchanges the two possible orders of 1 and 2, and also interchanges the inequalities
m < m, and m; > m,. Complement interchanges a final ascent with a final descent,
and interchanges the two possible orders of 1 and n. Both maps are bijections on A,,.
Hence the four one-occurrence sets have cardinality |A,|/2, so py ~ py ~ p3 ~ ps. O

Theorem 3.6. All patterns in Class 6 are equidistributed on A,.

Proof. Choose the following representative from each block of Class 6:

#+ 3

Y4 b2

It is enough to prove p; ~ py. The shaded boxes give

mr) =1 <= m_m, =12, po(m) =1 <= m_m, = 1n.

10



The last assertion of Lemma 2.2 shows that equally many alternating permutations
end in 12 and in 1n. Since both statistics take only the values 0 and 1, we obtain
P1~ D2 O

Theorem 3.7. All patterns in Class 7 are equidistributed on A,,.

Proof. Choose the following representative from each block of Class 7:

T

P1 D2 b3 P4

It is enough to prove p; ~ ps ~ p3 ~ p4.

Fix m € A, and let j be a position such that 7; is not a left-to-right minimum. Then
there is at least one element to the left of 7; that is smaller than 7;. Among these
elements, one may choose, respectively, the smallest element, the rightmost element,
the largest element, or the leftmost element. Each of these four choices is unique
and determines a unique partner for 7;. The shading conditions in the four patterns
characterize precisely these four possible choices. Hence

p1(m) = pa(m) = p3(m) = pa(m) = n — lmin(x),
which proves the result. =

Theorem 3.8. All patterns in Class 8 are equidistributed on A,.

Proof. Choose the following representative from each block of Class 8:

T

b1 D2 P3 D4

It is enough to prove p; ~ ps ~ p3 ~ p4.

Fix 7 € A,. For each right-to-left maximum b having a smaller element to its
left, the four patterns pair b with, respectively, the largest, smallest, leftmost, and
rightmost such element. Each partner is unique, and the shaded boxes characterize
exactly these four choices. Consequently, p;(7) = pa(m) = ps(m) = pa(7), so the four
representatives are pointwise equal. Il
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Theorem 3.9. All patterns in Class 9 are equidistributed on A,,.

Proof. Choose the following representative from each block of Class 9:

% B

4! P2

It is enough to prove p; ~ ps. In both patterns, the fully shaded rightmost column
forces the second selected element to be b = m,. For p;, the first selected element
must be the first element smaller than b; for py, it must be the last element smaller
than b. Thus each pattern has at most one occurrence, and the shaded boxes give

pi: t=ABb, A>b>DB, B#),
pp: m=BAb, B<b<A, B#I.

If b = n, both patterns occur exactly once: the occurrences are mn for p; and
mp_1n for po. Thus the identity map matches these one-occurrence sets, although the
selected pairs are different. If b < n, both A and B are nonempty, and complement
maps the first decomposition to the second. Hence, using the identity map when
b = n and complement when b < n gives a bijection between the one-occurrence sets.
Since both statistics take only the values 0 and 1, we obtain p; ~ ps. [

Theorem 3.10. All patterns in Class 10 are equidistributed on A,.

Proof. Choose the following representative from each block of Class 10:
yai 2)

It is enough to prove p; ~ ps. In both patterns, the fully shaded bottom row forces
the first selected element to be 1. Writing m = A1 B, the shaded boxes give

pi: B#0, A> B, withoccurrence given by 1 and max B,
pe: B#0, A< B, withoccurrence given by 1 and min B.

Thus both statistics take only the values 0 and 1.

For 1 = A1DB in the first one-occurrence set, relabel the elements of A and B,
preserving the standardization of each block, so that the resulting blocks satisfy A’ <
B’. The comparisons within each block are unchanged, and the comparisons adjacent
to 1 are also unchanged. Hence A’1 B’ is alternating and has one ps-occurrence.
This map is reversible, so the two one-occurrence sets have the same size. Hence

DP1 ~ Pa. O

Theorem 3.11. All patterns in Class 11 are equidistributed on A,.

Proof. Choose the following representatives from the two blocks of Class 11. It is

enough to prove
%~ I
Y2 P2

12



Each pattern has at most one occurrence. The shaded boxes give

p1: m <n and m + 1 follows every value smaller than 7y,
po . m < n and n follows every value smaller than 7.

This is the same comparison as that between p, and p3 in the proof of Theorem 3.4,
with “precedes” replaced by “follows.” For each fixed m; = a < n, the one-occurrence

t . . t
sets are £,y and EPY respectively. Lemma 2.2 gives |E)oy 1| = [EX9| for every a.

Hence the two one-occurrence sets, after taking the disjoint union over 1 < a < n,
have the same size. Since both statistics take only the values 0 and 1, we conclude
that p; ~ ps. O

Theorem 3.12. All patterns in Class 12 are equidistributed on A,.

Proof. Choose the following representative from each block of Class 12:

£

b1 D2

It is enough to prove p; ~ py. For 1 < i < n, the shaded boxes give the following
descriptions of an occurrence starting at position i:

p1: {mi,...,m,} is an interval of consecutive values,
m = min{m;, ..., T, };
P2 - {Wl,...,ﬂi}:{l,...,i}.

Each occurrence is uniquely determined by the position of its first point. For j €
{1,2} and 7 € A, let

Oj(m) :={ie{l,...,n—1} : a pj-occurrence in m begins at position 7}.
For fixed k£ > 0, define

Xy ={(m,I):meA,, I CO(n), |I| =k},
Vi:={(0,1):0 € Ay, 1 COs(0), |I| =k}

Thus A}, is the full set of alternating permutations together with a choice of £k distinct
pi-occurrences, and Yy is the corresponding set for p,. We construct mutually inverse
maps

F:Xk—>yk, Gyk—>Xk

For £k = 0, both maps are the identity. Suppose k > 1, take (7,I) € X}, write
I ={iy <--- <1}, and cut 7 immediately after these positions:

W:CO‘01‘|C]§

Replace the elements of each block, without changing their relative order, by the
consecutive value sets

{17...,’i1}, {i1+1,...,’i2}, ,{Zk+1,,n}

13



Denote the resulting permutation by o. The prefix ending at i; has value set
{1,...,4;} for every j, so oy, is the first point of a ps-occurrence. Thus the im-
age is F'(m,I) = (o,1). Moreover, the relative order inside each block is unchanged.
At every cut the element on the left is smaller than the element on the right, because

a pr-occurrence begins with the minimum of its suffix. Hence o € A,,, and F' is well
defined.

To define G, start with (o,1) € V) and cut o after the positions in /. Since every
0y, is the first point of a ps-occurrence, the blocks have exactly the consecutive value
sets displayed above. Thus ¢ determines the relative order within every block, which
is the information retained by the forward map.

We now restore the actual labels. Set Ry = {1,...,n}. For 0 < j < k, suppose that
the consecutive interval R; is the set of values available for C; - - - Cy. Put N; = |R)|
and d; = |C}|, and let s; be the rank of the last element of C; in the known relative
order of that block. Let

pj:{1,...,N;} — R;

be the unique increasing bijection. In a preimage, the last element of C; must be the
minimum of a consecutive suffix of length N; — d; 4+ 1. Exactly s; — 1 elements of
C; precede it in value, so its standardized value is forced to be s;. Consequently, the
values for the later blocks are forced to be the actual interval

Rj+1 = Pj({5j+ 1,...,Sj+Nj —dj}).

Fill C;, in its known relative order, with the remaining actual values R; \ R;1;. After
completing these steps for j =0,...,k — 1, fill C} with the values of Ry in its known
relative order; call the resulting permutation 7.

At the cut after C}, the last element of C; is p;(s;), and the suffix beginning there
has the consecutive value set

pi({sj.s5+1,...,8;+ N;j — d;}).

Thus every position in [ begins a p;-occurrence. The relative order inside each block
is the same as in o, and every cut is an ascent because all values of R;;; exceed
pi(s;). Hence 7 € A,,, and we may define G(o,I) = (7,1).

The preceding reconstruction is forced at every step. Since F' preserves all block
relative orders, applying G to F(m, I) restores the original value set of every block
and hence G(F(w,1)) = (w,I). Conversely, G preserves the block relative orders of
o, and F replaces their value sets by the consecutive sets displayed above, which are
exactly the value sets of the blocks of 0. Hence F(G(o,1)) = (o,I). Therefore ' and
G are mutual inverses. In particular, if F'(x) = F(2') for z, 2’ € &}, then applying G
gives © = 2/, so F' is injective. For every y € ), the element G(y) belongs to X} and
satisfies F/(G(y)) =y, so F is surjective. Hence F': X, — ) is a bijection.

For example, take I = {2} and 7 = 51423. Then
51423 = 51 | 423 +—— 21 | 534 = 21534.

The two blocks keep their relative orders and receive the value sets {1, 2} and {3, 4,5}.
Conversely, in 21 | 534 the last element of 21 is the smallest element of its block. It
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must therefore be 1, and the suffix beginning at position 2 must use {1,2,3,4}. The
only remaining value 5 goes to the first element, restoring 51; assigning {2, 3,4}
to the second block in its relative order restores 423. Hence the inverse recovers
51| 423 = 51423.

For a fixed m and i € {1,2}, there are (pi](f)) ways to choose k occurrences of p; in
. Hence the two sides below count the source and target pairs, respectively, of the
bijection above. Thus, for every k > 0,

> (™)== (7). (1)

TEAy, TEAR

Multiplying both sides of (1) by (¢ — 1)*, then summing over all k£ > 0 and using the
binomial theorem, we obtain

so p1 and py have the same distribution on A,,. O

Theorem 3.13. All patterns in Class 13 are equidistributed on A,.

Proof. 1t is enough to compare the following representatives of the two blocks:

b = ﬁ and P2 = #

We first describe the map for one marked occurrence. Suppose that its first point is
a in position ¢, and put » = ¢— 1. For a p;-occurrence, the r elements preceding a are
precisely the values larger than its second point. Hence that point is b =n — r, and
we may write 7 = LS, where L consists of the r elements in {b+1,...,n}, and S
begins with a. Within .S, the occurrence condition says exactly that b precedes every
value smaller than a. Moreover, the first comparison in S is an ascent: the element
following a is either the selected value b or an element lying between the two selected
positions, and in either case it is larger than a.

Apply successively 6, 1, Oy_o,...,0,41 to S. By Lemma 2.2, this is a bijection that
changes the last condition to “a + 1 precedes every value smaller than a.” Call
the resulting suffix S’. Since every toggle preserves adjacent comparisons, the first
comparison in S’ is also an ascent. Now relabel L, preserving its relative order, with
the value set {a + 1,a+2,...,a + r}, and in S’ replace every value x > a by = +r,
leaving the values < a fixed. Let the resulting permutation be o.

The first marked point is still a, whereas the marked value a + 1 in S’ has become
¢ =a+r+ 1. All values strictly between a and ¢ now precede a; every element
between a and ¢ in position is larger than ¢; and every value smaller than a follows
c. These are exactly the shading conditions for a ps-occurrence. The toggle step
preserves alternation. The relabeling preserves all comparisons inside L and S’, and
it preserves the comparison at their boundary because every element of the new L is
still larger than a. Thus o € A,,.

For completeness, the inverse is explicit. From a marked ps-occurrence beginning
with a in position ¢, put » = ¢ — 1 and ¢ = a + r + 1. Compress its suffix by
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replacing x > ¢ with x — r, and relabel its prefix, preserving relative order, with
{n—r+1,...,n}. Finally apply 0411, Ouro,- .., 0n_r_1 to the compressed suffix. This
reverses the preceding construction and recovers the marked p;-occurrence.

Distinct occurrences of either pattern have disjoint position intervals. Moreover, if
two pi-occurrences are ordered from left to right, both selected values of the second
are smaller than the first selected value of the first. Thus the toggles for the first
occurrence do not touch the value layer of the second, while the later block relabel-
ing is order-preserving on every earlier value layer. Therefore, for a chosen set of
marked occurrences, apply the forward construction in increasing order of their first
positions; all unprocessed p;-occurrences and all previously obtained ps-occurrences
remain valid. Apply the inverse construction in decreasing order. Hence, for every
k, this gives a bijection between pairs (w, M), where m € A,, and M is a chosen set
of k distinct pi-occurrences of 7, and the corresponding pairs for p,. Consequently,

>("7)-x (™) w=o

TEAR TEAR
which implies that p; and p, are equidistributed. O

Theorem 3.14. All patterns in Class 14 are equidistributed on A,.

Proof. By reverse, complement, and Lemma 2.1, it is enough to compare the following

two 21-patterns:
b = ﬁ and P2 = ﬁ

We use the involution ¥ of Han and Zeng [9, Theorem 1.9]. Recall only the part of
their construction needed here. Let i1 < iy < --- < 7y = n be the positions of the
right-to-left minima of a permutation, and set 7o = 0. Write

By =T, 1Ty 42 i1, ay = T, -

To complement a subword with alphabet ¢; < --- < ¢,, replace each ¢; by ¢, 411-;.
For each a;, Han and Zeng first complement the subword of letters larger than ay
lying to the right of i1, and then the corresponding subword lying to the right of 7.
Applying these two operations successively for k = 1,...,/¢ defines ¥ and preserves
the positions of the right-to-left minima. The first component of Han and Zeng’s
joint identity in [9, Theorem 1.9] is precisely

pa(m) = pr(¥(m)) (7w € Sn).

Their construction realizes this identity occurrence by occurrence: if (j,ix) is a po-
occurrence of 7, then the same two positions form a p;-occurrence of W(r), and every
pr-occurrence of V() arises uniquely in this way.

This involution does not preserve alternation. For example, 7 = 25143 € Ajs has
right-to-left minima in positions i; = 3 and i = 5. At i, the two complementations
give

25143 —— 52134 —— 52143,
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and the operation at iy is trivial. Hence W(25143) = 52143 ¢ A5. Thus the original
involution of Han and Zeng cannot be restricted to A,.

For our two patterns this action can be read directly from the shaded boxes. An
occurrence ending at the right-to-left minimum a; has its first point in By. For
x € By, the pair (z,a) is a pj-occurrence precisely when every element to the right
of ay is larger than x, while it is a ps-occurrence precisely when every element to the
right of aj is smaller than x. Thus the occurrence count in the kth block depends
only on the value set of By and the value set to the right of ag, not on the internal
order of By. This is exactly the local comparison interchanged by Han and Zeng’s
complementation.

The map W gives the required change from ps-occurrences to pj-occurrences, but it
may reverse comparisons within a block and hence destroy alternation. The idea is
to keep the new value set that U assigns to each block, while restoring the relative
order of the corresponding block of 7. We now define this modification precisely.

Given 7 € A, first obtain 7 = W(7) by performing the two complementations above
for k =1,...,0. For each k, write By, = by ---b,, and let C} be the word occupying
positions ix_1 +1,...,7 — 1 in 7. If b; is the sth smallest element of By, put the sth
smallest element of C}, in the tth position of that block. Do this in every block and
leave the elements of 7 in positions iy, . .., 7, unchanged; the resulting permutation is
U (7). For example, when 7 = 25143, the first block 25 becomes 52 in ¥(7) = 52143,;

reordering 52 to have the same relative order as 25 gives \Tl(w) = 25143.

Thus every block of \/I\f(w) has the value set assigned by ¥ and the relative order of
the corresponding block of 7. Comparisons inside each block are therefore the same
as in 7. Moreover, since iy,...,1, are also the right-to-left-minimum positions of 7,
every element of CY is larger than the adjacent right-to-left minima, whenever those
boundary elements exist. Hence the boundary comparisons are also unchanged, and
U(m) € A,.

It remains to check that this reordering preserves the pj-occurrences. Let (a,b) be a
pr-occurrence of 7, with b in position 7. Then a lies in C, and every element to the
right of b is larger than a. The reordering may move a to another position inside CY,
but it does not change b or the value set to the right of b; moreover, every element of
Ck is larger than b. Hence the same two values a and b still form a p-occurrence of
U(m). The reverse reordering gives the converse, so

pa(m) = pi (U(m)) = pi (U(m)).

Finally, U is bijective. Indeed, each block of {I\’(ﬂ') records exactly two pieces of
information: its value set is the value set of the corresponding block of W(7), and
its relative order is that of the original block Bj. Since W is a bijection and its
complementations act on block value sets independently of their internal order, U—!
uniquely recovers the value set of every Bj. Arranging each recovered set in the
relative order shown by the corresponding block of W(7) then recovers m uniquely.

Therefore ¥ is a bijection on A,,, and consequently p; ~ py on A,,. [

Theorem 3.15. All patterns in Class 15 are equidistributed on A,.
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Proof. By the preceding observation, it is enough to compare

D1 = # and Py = #

The statistic py(m) counts the elements that are second smallest in their prefixes. A
pe-occurrence must end at m,, so po(7) counts the right-to-left maxima in the subword
of elements below ,.

We prove a descent-set refinement. Let o = (aq,...,a,) be a composition of n, put
D(a) ={ai,a1 + agy...,a1+ -+ am_1},
and set
Sy :={m €S, : Des(m) C D(a)}.

Let W, be the set of all words consisting of a; copies of 1, as copies of 2, ..., and a,,
copies of m. Every m € S, is uniquely a concatenation B --- B,, of increasing blocks
with |B;| = a;. Define

Vo 1 So — W, Oalm) = wy « - - wy, w; =1 < jE DB,

Conversely, a word w € W, recovers B; as the values j with w; = 4, written in
increasing order. The concatenation Bj --- B, then belongs to S, and maps to w.
Hence ¢, is a bijection.

For w € W,, let o (w) be the number of indices i for which the subword w|(;,. ;; has
a second letter and that letter is 7. Indeed, the second letter of this subword records
the block containing the second-smallest value in By U---U B;. It is ¢ precisely when
this value is the unique element of B; that is second smallest in its prefix. Therefore

p1(7) = ro(pa(m)) (m € 8a).

Since ¢, is a bijection, it follows that

= Z ¢ = Z g, (2)

TESy WEWq

Suppose m > 2 and set = = (ay,...,a,_1). Every w € W, is obtained uniquely
from a word w’ € W,- by inserting a,, copies of m. For each i < m, the restriction
w|{17”_7i} automatically deletes all inserted letters m and hence equals w’ |{17m7,-}. Thus
i contributes equally to 7,(w) and r,-(w’). For i = m, the restricted subword is w
itself, and this index contributes exactly when ws = m. Hence

() To— (W) + 1, if wy =m,
ro(w) =
o (W), if wy # m.

There are ( __1 ) insertions with m in the second posmon and (7; 1) with it elsewhere.
Summing the contributions of all insertions over all w’ in (2) gives

o= | (") a1 e ®)
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For po, set f = o*®¥ = (ap,...,a1). Define Sz, Wp, and the bijection g : Sg — Ws
analogously. The index of the last letter m in such a word is the value m,. For
x < T,, any larger value y < m, lies to the right of x in the permutation exactly when
w, > W, since each block is increasing. Thus x is a right-to-left maximum among
the elements below m,, precisely when w, > w, for every z < y < m,. Hence, if sg(w)
denotes the number of strict right-to-left maxima in the prefix preceding the last m,

then
Qalg) =Y _ ¢”™ =Y ¢». (4)

TESE weWg

The smallest letter in a word of content 8 occurs a,, times. Delete these copies of 1
and decrease every remaining letter by one. The resulting word has content

87 =(am-1,...,a1) = (a” ).

Conversely, increase every letter of a word in Wg- by one and reinsert the a,, copies
of 1. The old strict right-to-left maxima are unchanged. A new one is created exactly
when the gap immediately before the last m is nonempty; in that case it is the
rightmost 1 in this gap. Since the shortened word has n —a,, + 1 gaps, reserving one
1 in this distinguished gap and distributing the others gives (aﬁnf_ll) nonempty cases.

Keeping it empty and using the remaining gaps gives (Z:nl) cases. Summing as in (4)

e Qarev(q) = Kna;l) + Q(ar;__ll)} Gorrm ) "

The recurrences (3) and (5) have the same factor, say F,(q). When m = 1, the only
word is 11, so both initial polynomials equal ¢ if a; > 2 and 1 if a; = 1. Assuming
the result for a~, equations (3) and (5) give

Pa(Q) = Fa(Q)Pa* <Q) = Fa(Q)Q(a*)reV (Q) = QareV<Q)'
Thus induction on m proves P,(q) = Qurev(q).
Every D C{1,...,n— 1} is D(«) for a unique composition «, and

D(a*®V) = D()¥, D*:={n—i:i€ D}.

We have therefore proved

> = 7. (©)

Des(m)CD Des(7)CD*

Inclusion—exclusion applied to (6) yields

> = . ™)

Des(w)=D Des(m)=D*
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The cases n < 1 are immediate. Assume n > 2 and set
Dup :={2,4,...}n{1,...,n— 1}, Dpy:={L1,3,...}n{1,...,n—1}.
Then
UD, ={m €S, : Des(r) = Dyp}, DU, ={m €S, : Des(m) = Dpuy}.

If n is even, then D{;, = Dyp and Dy,; = Dpy; if n is odd, then Dy, = Dpy and
D}y = Dyp. Applying (7) to Dyp and Dpy and adding the two identities therefore

gives
Z qpl(ﬂ) — Z qm(ﬂ)'
ﬂEAn 7T6-An
Thus p; and p, are equidistributed on A,,. O

Theorem 3.16. All patterns in Class 16 are equidistributed on A,.

Proof. By reverse and complement, it is enough to compare

P11 = ﬁ;ﬁ and Py = ﬁ

Recall that Fs = |UD;| = |DUg|. Write m = L'1 R and let m = |L|. The fully shaded
bottom row forces the first point of every occurrence to be the value 1. If L = &,
every other value can be the second point of either pattern, so p;(m) = pa(7) = n—1.

Now suppose L # @&. If a = min L, then the possible second points of a p;-occurrence
are precisely 2,3,...,a — 1; hence p;(7) = a — 2. If ¢ = max L, then the possible
second points of a py-occurrence are precisely ¢+ 1,¢+2,...,n; hence po(7) = n —c.
Since 1 is a valley, the alternating type of L is determined by m, while R is down-up.

Thus L has E,, possible orders and R has F,,_,,_1 possible orders. These choices are
independent, giving F,,F, _,,_1 orders in total. For fixed @ = min L, the other m — 1

values of L can be chosen from {a + 1,...,n}; therefore
n—1 n—m+1 n a
1 = B, g ) ELE 2, 8
W; q n—14 +mZ:1 ; (m_ 1> mLn—m—14 ( )

Similarly, fixing ¢ = max L gives
n—1 n c—9
m—1
TEAR m=1c=m+1

The substitution a = n + 2 — ¢ makes the two double sums identical. Thus p; and ps
are equidistributed on A,,. O

Theorem 3.17. All patterns in Class 17 are equidistributed on A,.

Proof. By reverse, complement, and Lemma 2.1, it is enough to compare

p1 = ﬁi and P = :ﬁi
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Write 7 = AyriAors - - - Apry, where 1 > --- > r, are the right-to-left maxima. Let
N; be the set of elements in A;, and let M; be the set of elements smaller than r;
that lie to the left of r;_1; set My = @. Thus U; = M; U N; is the set of elements
smaller than r; and to its left. The common top shading forces the second point of
an occurrence to be r; and the first point to lie in A;. Let p;;(7) and po,;(7) denote
the numbers of p;- and ps-occurrences, respectively, whose second point is r;. The
remaining shading gives

pl,i(7T> = 1{main€Ni}7 p2,i(7T> = ]-{rninUiGNi}a (9>

where 1 is 1 if F holds and 0 otherwise; both indicators are zero when U; = &.
Consequently py(7) = >, p1:(m) and pao(7) = >, pa (7).

We now define an involution 7;. Write U; = {u; < -+ < u,} and form a word
w = wy -+ wy, by setting wy = M if up € M; and w, = N if u, € N;. Reverse w.
For each k, put uy in M/ or N according as the kth letter of the reversed word is M
or N. Put the values of M/ into the positions formerly occupied by M;, preserving
their relative order, and do the same with N/ in the positions of A;; leave all other
elements fixed. For example, for 7 = 3172546 and 7 = 2,

My=1{1,3}, Ny={2,4,5), MNMNN —s NNMNM,
and hence T5(3172546) = 5371426.

The map T; preserves every adjacent comparison. Inside each of the two changed
position sets this follows from the order-preserving refilling. Every unchanged neigh-
bor of a changed element to the left of r;,_; is larger than r;, while every changed
element is smaller than r;; the boundary elements r;_; and r; of A;, when present, are
also larger than all changed elements. Thus T; preserves alternation. It also fixes all
right-to-left maxima and is an involution, since reversing the same M /N word twice
restores the original value sets and relative orders.

By (9), reversing the word interchanges its first and last letters, so

pu(TﬂT) = p2,i(7T), p2,i(Ti7T) = pu(ﬁ)- (10)

For j # ¢, the map 7T} preserves both p;; and ps,;. If j < 4, it acts entirely to the
left of r;, leaves A; fixed, and does not change the value set U;. If j > 4, all values
moved by 7Tj are smaller than r; < r;. Among the affected positions to the left of
r;, their relative order is preserved. If these positions are nonempty, they contain
every element of U; below r;, and hence the minimum of U;; if they are empty, that
minimum is fixed. Likewise, max U; is fixed when it is at least r; + 1, while otherwise
all of U; lies in the order-preservingly refilled positions. Thus the positions of both
extrema, and hence their membership in A;, are unchanged.

Finally, apply 11,75, ..., T, in this order and call the result 7'(7). This is a bijection
on A,, with inverse obtained by applying the same involutions in reverse order.
Equations (9) and (10), together with the preceding invariance, give

pai(T(m)) = pri(m) (1 <i<Y), and hence po(T(7)) = pr(m).

Thus p; and p, are equidistributed on A,,. Il
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4 Concluding remarks

The computation distinguishes 203 distribution-equivalence classes of length 2 mesh
patterns on alternating permutations, while the proofs above establish the claimed
equivalences within each class. The examples further demonstrate that classifications
over all permutations and over alternating permutations are not formally comparable:
some bijections establishing equivalences for all permutations do not preserve alter-
nation, whereas several equivalences in the latter setting arise from local peak-valley
constraints that are invisible in the unrestricted setting.

As a direction for further research, we propose classifying distribution equivalence for
other well-studied classes of permutations. Determining the distributions explicitly,
including for the equivalence classes considered in this paper, is also an interesting
avenue for future research. We conclude with two examples illustrating the form that
such enumerative results can take. For i € {10,16}, let p{ be the first representative
displayed in the proof of Theorem 3.10 or Theorem 3.16, respectively, and put

Pinl@)i= 3 ¢,

7T€.An

For Class 10, the proof of Theorem 3.10 shows that p? takes only the values 0 and
1, and that p('9(7) = 1 precisely when 7 = A1 B, where B # @ and every element
of A is larger than every element of B. If |[A| = m, then A must contain the m largest
elements of {2,...,n}. The alternating types of A and B are determined by their
lengths, and their relative orders can be chosen independently in E,,F,_,,_1 ways.
Therefore, for n > 2,

n—2

PlO,n(Q) = ‘An‘ + (q - 1) Z EmEnfmfl'

m=0

For Class 16, Equation (8), derived in the proof of Theorem 3.16, gives Pig,(q) for
n > 2. Since all patterns within each class are equidistributed, these formulas apply
to every representative of Classes 10 and 16. Finding comparably explicit formulas,
or useful multivariate generating functions, for the remaining classes is a natural open
problem.
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