ON MULTI-AVOIDANCE OF GENERALIZED PATTERNS

SERGEY KITAEV AND TOUFIK MANSOUR

ABsTRACT. In [Kitl] Kitaev discussed simultaneous avoidance of two
3-patterns with no internal dashes, that is, where the patterns corre-
spond to contiguous subwords in a permutation. In three essentially
different cases, the numbers of such n-permutations are 27~1, the
number of involutions in S, and 2E,, where E,, is the n-th Euler
number. In this paper we give recurrence relations for the remaining
three essentially different cases.

To complete the descriptions in [Kit3] and [KitMans], we consider
avoidance of a pattern of the form z-y-z (a classical 3-pattern) and
beginning or ending with an increasing or decreasing pattern. More-
over, we generalize this problem: we demand that a permutation must
avoid a 3-pattern, begin with a certain pattern and end with a certain
pattern simultaneously. We find the number of such permutations in
case of avoiding an arbitrary generalized 3-pattern and beginning and
ending with increasing or decreasing patterns.

1. INTRODUCTION AND BACKGROUND

Permutation patterns: All permutations in this paper are written as

words ™ = ajas . .. a,, where the a; consist of all the integers 1,2,...,n. Let
a € S, and T € Si be two permutations. We say that a contains 7 if there
exists a subsequence 1 < i3 < iz < --- < i < n such that (ay,,...,q;,) is

order-isomorphic to 7; in such a context 7 is usually called a pattern. We
say that a avoids T, or is T-avoiding, if such a subsequence does not exist.
The set of all 7-avoiding permutations in S,, is denoted by S, (7). For an
arbitrary finite collection of patterns T', we say that a avoids T if a avoids
any 7 € T'; the corresponding subset of S, is denoted by S, (T).

While the case of permutations avoiding a single pattern has attracted
much attention, the case of multiple pattern avoidance remains less inves-
tigated. In particular, it is natural, as the next step, to consider permuta-
tions avoiding pairs of patterns 71, 7. This problem was solved completely
for 71,72 € S3 (see [SchSim]), for 74 € S5 and 7» € Sy (see [W]), and
for 7,72 € Sy (see [B, K] and references therein). Several recent papers
[CW, MV1, Kr, MV3, MV2] deal with the case 71 € S3, T2 € S, for various
pairs 71, 7.
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Generalized permutation patterns: In [BabStein] Babson and Ste-
ingrimsson introduced generalized permutation patterns (GPs) where two
adjacent letters in a pattern may be required to be adjacent in the permu-
tation. Such an adjacency requirement is indicated by the absence of a dash
between the corresponding letters in the pattern. For example, the permu-
tation 7 = 516423 has only one occurrence of the pattern 2-31, namely the
subword 564, but the pattern 2-3-1 occurs also in the subwords 562 and
563. Note that a classical pattern should, in our notation, have dashes at
the beginning and end. Since most of the patterns considered in this paper
satisfy this, we suppress these dashes from the notation. Thus, a pattern
with no dashes corresponds to a contiguous subword anywhere in a per-
mutation. The motivation for introducing these patterns was the study of
Mahonian statistics. A number of results on GPs were obtained by Claes-
son, Kitaev and Mansour. See for example [Claes], [Kit1, Kit2, Kit3] and
[Mansl, Mans2, Mans3].

As in [SchSim], dealing with the classical patterns, one can consider the
case when permutations have to avoid two or more generalized patterns si-
multaneously. A complete solution for the number of permutations avoiding
a pair of 3-patterns of type (1,2) or (2,1), that is the patterns having one
internal dash, is given in [ClaesMansl]. In [Kitl] Kitaev discussed simulta-
neous avoidance of two 3-patterns with no internal dashes, that is, where
the patterns correspond to contiguous subwords in a permutation. In three
essentially different cases, the numbers of such n-permutations are 27!, the
number of involutions in S,,, and 2E,,, where E,, is the n-th Euler number.
The remaining cases are avoidance of 123 and 231, 213 and 231, 132 and
213. In Section 3 we give recurrence relations for these cases.

In Section 4, we consider avoidance of a pattern z-y-z, and beginning
or ending with increasing or decreasing pattern. This completes the results
made in [KitMans], which concerns the number of permutations that avoid
a generalized 3-pattern and begin or end with an increasing or decreasing
pattern.

In Sections 5-8, we give enumeration for the number of permutations that
avoid a generalized 3-pattern, begin and end with increasing or decreasing
patterns. We record our results in terms of either generating functions, or
exponential generating functions, or formulas for the numbers which appear.

In Section 9, we discuss possible directions of generalization of the results
from Sections 5-8.

2. PRELIMINARIES

The reverse R(w) of a permutation m# = ajas...a, is the permutation
G, - . -aza1. The complement C(r) is the permutation bybs ... b, where b; =
n+1—a;. Also, R o C is the composition of R and C. For example,
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R(13254) = 45231, C(13254) = 53412 and R o C(13254) = 21435. We call
these bijections of S, to itself trivial, and it is easy to see that for any
pattern p the number A,(n) of permutations avoiding the pattern p is the
same as for the patterns R(p), C(p) and RoC(p). For example, the number
of permutations that avoid the pattern 132 is the same as the number of
permutations that avoid the pattern 231. This property holds for sets of
patterns as well. If we apply one of the trivial bijections to all patterns of a
set G, then we get a set G' for which Ag (n) is equal to Ag(n). For example,
the number of permutations avoiding {123,132} equals the number of those
avoiding {321, 312} because the second set is obtained from the first one by
complementing each pattern.

In this paper we denote the nth Catalan number by C,; the generating
function for these numbers by C(z); the nth Bell number by B,,.

Also, NjJ(n) denotes the number of permutations that avoid the pattern
p and begin with the pattern ¢; G(x) (respectively, El(z)) denotes the
ordinary (respectively, exponential) generating function for the number of
such permutations. Besides, NJ"(n) denotes the number of permutations
that avoid the pattern p, begin with the pattern ¢ and end with the pat-
tern 7; G%"(x) (respectively, EX"(x)) denotes the ordinary (respectively,
exponential) generating function for the number of such permutations.

Recall the following properties of C(z):

114z 1

(1) Cla) 2z  1—2zC(z)"

3. SIMULTANEOUS AVOIDANCE OF TWO 3-PATTERNS WITH NO DASHES

3.1. Avoidance of patterns 123 and 231 simultaneously. We first
consider the avoidance of the patterns 123 and 231 simultaneously. Let
a(n;i1,4a,...,4,) denote the number of permutations = € S,(123,231)
such that mma ... Ty = i162...4y and let a(n) = |S,(123,231)|. By the
definitions, we get that a(n) = 2?21 a(n;j) and a(n;n) = a(n — 1). Hence

(2) a(n) =a(n —1)+a(n;1) +a(n;2) +--- + a(n;n —1).
Also, by the definitions, for all 1 < ¢ < n —1, we get

i—1 n
() a(n;i) =Y a(n;i,j)+ Y a(n;i,j).

j=1 j=it+1

Suppose 7 € S,,(123,231) is such that m; = ¢ and mo = j. If i > j then there
is no occurrence of the pattern 123 or 231 that contains 7, so a(n;i,j) =
a(n—1;7). If i < j then since 7 avoids 123 and 231, we get that ¢ < w3 < j,
and thus in this case a(n;i,j) = a(n—2;4)+a(n—2;i+1)+- - +a(n—2; j—2).
Hence, using (2) and (3), we get the following theorem.



4 SERGEY KITAEV AND TOUFIK MANSOUR
Proposition 1. For alln > 3,
a(n) =a(n —1)+a(n;1) + a(n;2) + --- + a(n;n — 1),

where for all 1 < i < n,

i—1 n—2
a(n;i) =Y a(n—1;5)+ Y (n—1-ja(n—2;5),
j=1 j=i

and a(3;1) =1, a(3;2) =1, a(3;3) = 2.

Using this theorem, we get quickly the first values of the sequence a(n)
forn=20,1,2,...,10:

n |0]1|2|3|4|5]| 6 7 8 9 10
a(n) [1]1]2[4]11]39]|161 | 784 | 4368 | 27260 | 189540

3.2. Avoidance of patterns 132 and 213 simultaneously. We consider
avoidance of the patterns 132 and 213 simultaneously. Let b(n; 41,42, - -, im)
denote the number of permutations 7 € S,,(132,213) such that 72 ... 7 =
i1dg .. .9, and let b(n) = |S,(132,213)|. Suppose 7 € S, (132,213) is such
that 7y = ¢ and 7o = j. If ¢ > j then, since 7 avoids 213, we get 73 <7 — 1.
Thus

i—1

(4) b(n;i )= Y bln—1;4,k).

k=1, k#j

If ¢ < j then, since w avoids 132, we get m3 <4 — 1 or 73 > j + 1. Thus

i—1 n—1
(5) b(nyi,j) = bn—1;5—1Lk)+ Y bn—1;5—1,k).
k=1 k=j

Using (4) and (5), we get the following theorem.
Proposition 2. We have b(n) = b(n;i,j) with
b(n;i,1) =0 for all n,i > 1;

i—1
b(n;i,j) = > b(n —1;5,k) if i > j;
k=1

n
ij=1

i—1 n—1

b(n;i,j) = > b(n— 15— Lk)+ 3 b(n— 155 — 1,k) if i < j;
k=1 k=j

and b(2;1,2) = b(2;2,1) = 1, b(2;1,1) = b(2;1,1) = 0.

Using this theorem, we get

n |0]1(2|3]4|5]| 6 7 8 9 10
b(n) |1|1|2|4]|11 37149 | 705 | 3814 | 23199 | 156940
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3.3. Avoidance of the patterns 213 and 231 simultaneously. We
now consider avoidance of the patterns 213 and 231 simultaneously. This
case is equivalent to avoidance of the patterns 132 and 312 by applying the
reverse operation. Let ¢(n;iy,ia,...,%n) denote the number of permuta-
tions m € S,,(132,312) such that mime... 7y = d142...%, and let ¢(n) =
|Sn(132,312)|. We proceed as in the previous case. For n >4 > j > 1, we
have

j—1 n—1
(6) c(n;i, ) = eln—1;5,k) + Y c(n —1;4,k).
k=1 k=1
For 1 <i < j < n, we have
i—1 n—1
(7) en;irj) =Y eln—1;5=1,k)+ > c(n—1;5 - 1,k).
k=1 k=j

Using (6) and (7), we get the following theorem.
Proposition 3. We have c(n) = 327",_; c(n;i,j) with

c(n;i,i) =0 for all n,i > 1;
i—1

n—1
c(n;iyj) = >0 cln—=1;5,k) + 32 c(n—1;5,k) if i > j;
k=i

o F
Il
Ll e

n—1
C(TL,’&,]): C(n—l,j—l,k)+ZC(TL—].,j—].,k) T’fl<.77
k k=j
and ¢(2;1,2) = ¢(2;2,1) =1, ¢(2;1,1) = ¢(2;1,1) = 0.

Using this theorem, we get

n [0[1]2(3| 4|5 ]| 6 7 8 9 10
e(n) |1]1]2|4]10|30]| 108|454 | 2186 | 11840 | 71254

Il
-

4. AVOIDING A PATTERN X-Y-Z AND BEGINNING OR ENDING WITH
CERTAIN PATTERNS

Recall that according to the definitions from Section 2, NJ'"(n) denotes
the number of permutations that avoid the pattern p, begin with the pattern
q and end with the pattern r; GJ"(x) (respectively, EX"(x)) denotes the
ordinary (respectively, exponential) generating function for the number of
such permutations. Besides, C}, and C(z) denote the n-th Catalan number
and the ordinary generating function for the Catalan numbers.

Proposition 4. We have
G135k (2) = 2% C? ().

Proof. Suppose 7 = w'nw" € S,(1-3-2) is such that 71 < m < -+ < mg
and 7; = n. It is easy to see that 7 avoids 1-3-2 if and only if 7’ is a
1-3-2-avoiding permutation on the letters n — j + 1,n —j +2,...,n — 1,
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and 7" € S,_;(1-3-2). If we now consider two cases, namely j = k and
j>k+1, we get
Gi%3 (x) = 2" O(x) + 2Gi%73 (2) O ().

Thus, G1%:5(z) = 2*C(z)/(1 — 2C(x)) and, using (1), we get the desired
result. d

Proposition 5. We have
k(k—1)...1
G152 @) = O (@),

Proof. Suppose m = w'nw" € S,(1-3-2) is such that m > m > -+ > m
and 7m; = n. It is easy to see that 7 avoids 1-3-2 if and only if 7’ is a
1-3-2-avoiding permutation on the letters n —j+1,n—j+2,...,n—1, and
7" € 8,_;(1-3-2). If we consider separately the cases j =1 and j > 2, we
get
k(k—1)...1 k—1)(k—2 k(k—1)...1
G1£3—2) (z) = Gg 3- 2)( ) G )+33'G1—(3—2) (2)C(z).
Hence,
k(k—1)...1 k—1)(k—2)...1
Giss ! (@) = 261557 () /(1 - 2C(a))

and, using (1), we get Glf_(g__;)“'l(a:) = zC(z )G§k3 12) (k=2).. "!(z). By induc-
tion on k, using the fact that Gi_;_,(z) = C(z) — 1 = 2C?(z), we get the
desired result. O

Proposition 6. We have
G5 (e) = 2 CM (2).

Proof. One can use the same considerations as we have in the proof of
Proposition 5, by considering a permutation 7 = #'1lx" € S,(2-1-3) such
that m <my <--- <7 and m; = 1. O

Proposition 7. We have
G345 (@) = 2O (o).

Proof. One can use the same considerations as we have in the proof of
Proposition 4, by considering a permutation 7 = 7'lx" € S,(2-1-3) such

that 7y > my > --- > 7, and 7; = 1. O
Let sp (i1, ... ,im) denote the number of permutations = € Sy, (1-2-3) such

that myma ... Ty = 1102 . . . i, It is easy to see that

(8) sp(n) = sn(n —1) = Cp1,

and for 1 <t <mn-—2,
t—1

t—1
9) sn(t) = sn(t,n) + an(t,j) = sn-1(t) + an—l(j)

=1
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Now, (8) and (9) with induction on ¢ give

t .
(10) san=0)= (=17 (" 7)oy

Jj=0
Let us prove the following proposition.

Proposition 8. We have

0, if k>3,
Gi%h(x) = ¢ 2°C%x), ifk=2,
zC%(x), ifk=1.

Proof. For k > 3, the statement is obviously true. If kK = 1 then
Glpz(2) = C(2) — 1 = 2C*(2).

Suppose now that &k = 2. From the definitions, for all n > 2, we have

n—1 n
Ni%5(n) = Z Z sn (1, J)-
i=1 j=i+1

In this formula, j can only be equal to n, since otherwise we have an oc-
currence of the pattern 1-2-3. Using this fact with (8) and (9), we get for
n>2,

n—1 n—1
Ni% 5(n) = Z sn(i,n) = Z s$n-1(i) = Cn—1.

i=1 i=1
Hence, G1%,_5(z) = z(C(z) — 1) = 22C?(x). O
Proposition 9. We have

n+l—k n ¢ n—t n n ]
k(k—1)...1 - ifn—1t—
Nl—(2—3 ) (n) = Z _ (-1) i Crnt—j1.
k—1) < J
t=1 j=0

Proof. From the definitions, we have

k(k—1)...1 mEE -t
Nips 7 (n) = Z E—1 sn(t)-

t=1

Using (10), we get

k(k—1)..1, \ _ " o\ & ifn—t—j
N1—2—3 (TL) - Z E—1 Z(_l) j Cn—t—j—l-

t=1 j=0

&~

<
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5. AVOIDING A PATTERN X-Y-Z, BEGINNING AND ENDING WITH CERTAIN
PATTERNS SIMULTANEOUSLY

Recall that according to the definitions from Section 2, NJ'"(n) denotes
the number of permutations that avoid the pattern p, begin with the pattern
q and end with the pattern r; G§7(x) (respectively, EZ"(z)) denotes the
ordinary (respectively, exponential) generating function for the number of
such permutations.

Proposition 10. Let k,£ > 1 and m = max(k,f). We have
() Gi53 "V (@) = 21O (@),

(if) G122 (1) = G100 () %

(iii) GFELD DA () — pht-1 Ok () 4 27 oa

(iv) the generating function G1-3-2(x,y,2) = k% G’f(’; 21) T2l gy b ot
for the sequence {Gllgggjzl)"'1’12'"5(33)}16,1320 (where k and ¢ go through all
natural numbers) is

1 C(z) -1
T2y +2) (“’"(y ARV T O - mzc<m))> ‘

Proof.

(i) Beginning with 12...k and ending with /(£ —1)...1: Suppose
7 =7'nr" € §,(1-3-2) is such that m; < My < -+ < W, Ty < Tp_1 < -+ <
Tn—t+1 and m; = n. It is easy to see that = avoids 1-3-2 if and only if 7' is
a 1-3-2-avoiding permutation on the letters n —j+1,n—j5+2,...,n — 1,
and 7 € S;,_;(1-3-2). We now consider three cases, namely j =k, k+1 <
j<n—{and j =n—/£+1. In terms of generating functions, we have

ok, 0(—1)...
G}232 (=1 1(37

= 2* G (@) + 2G0T (o) + 2GR () + M,

where we observed that to avoid 1-3-2 and end with £(£ — 1)...1 is the
same as to avoid 2-1-3 and begin with £(¢ — 1) ...1 by applying the reverse
and complement operations. Also, we added the term z*t¢~! since when
j=k=n—£+1, we have one “good” (k + ¢ — 1)-permutation, which is
not counted by our three cases.

From Propositions 4 and 7, we have that

G2k () = 2 C%(z) and Gy (2) = 2CP(x).
Thus, using the fact that zC?%(z) = C(z) — 1, we get

Gyl T @) = #FHC (@) (2 + 202 (2)) + 2F
= F 1 (C(2) = 1)(C(x) + 1) + okt
= ghH-102 ().
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(ii) Beginning with 12...%k and ending with 12.../: Suppose 7 =
w'nw" € S,(1-3-2) is such that m < my < -++ < W, Ty > Tp_g > -+ >
Tn—t+1 and m; = n. As above, 7 avoids 1-3-2 if and only if 7’ is a 1-3-2-
avoiding permutation on the letters n —j +1,n — j 4+ 2,...,n — 1, and
" € S,_;(1-3-2). We consider the cases j = k, k+1 < j < n —{ and
j = n. In terms of generating functions, the first approximation for the
function G125 (z) is
G5 @) m 2GR (2) + G2 () GRlizg (2) + 2G5 T (@),
where we observed that to avoid 1-3-2 and end with 12.../ is the same
as to avoid 2-1-3 and begin with 12...¢ by applying the reverse and com-
plement operations. We use the sign “a~” because there are some “good”
permutations, which are not counted by our considerations. We discuss
them below.

From Propositions 4 and 6, we have that Gi%:¥(z) = 2*C2(z) and
G3%4t(z) = 2*C*Y(z). Thus, using the fact that zC2%(z) = C(z) — 1
and G1% 51 (2) = G125k (x) = *C?(z) (Proposition 4), we get

Gi%yp ™ (@)
o phH O () 4 gFHALOHS () + mGEgj,lZ--(#l)(x)
= gh+tC+2(z) + a:GE:;'_'g’m“'“*l)(x)
_ mk+£0£+2(x) + ghteottl (z) + szEé:gJ?---(l*?) (z)
= =g O (2)(CF2(2) + O3 () + -+ - + 1) + k102 (2)

= L (O(2) — 10 (2) 7050 + ah 12 (o)

= ghHt-10t+ ().,

To complete the proof of this case, we observe that in our considerations
above, we do not count increasing permutations of length m = max(k, £),
m+1,...,k + £ — 2, which satisfy all our restrictions. We did not count
them because the k-beginning and /-ending in these permutations overlap
in more than one letter. So, to get the desired result, we need to add the
term

™ 4 mm—i—l 4. +$k+€—2 — (mm _ mk—i—f—l)/(l _ .CL')

to the approximate value of G}?é‘_‘f ’12"'€(m). For example, expanding the
ordinary generating function G}?él_? (x), we have, in particular, that there

are 2002 10-permutations that avoid 1-3-2, begin with the pattern 12 and
end with the pattern 123.
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(iii) Beginning with k(k — 1)...1 and ending with ¢(/ —1)...1:
If £ = 1 then, by Proposition 5, G’f(l?f LDt (g) = 2FCkL(z). Suppose
£ > 2 and 7 = 7#'lx" € S,(1-3-2) is such that m > m > --- > my,
Tp < Tp—1 < --- < Tp_g41 and w5 = 1. Obviously, 7"’ is the empty word,
since otherwise we have an occurrence of the pattern 1-3-2 starting from the
letter 1. Thus, the first approximation for the function G’f(g 21) 14(e-1). 1
is

G LE(E=1).1

1-3-2
xG’fE’;_Bl)---17(13*1)(1*2)--1(m) B A ToLax (z).

Like in the previous case, we did not count decreasing permutations of length
m, m+1,...,k+ £ — 2, which satisfy all our restrictions. Thus, to get the
desired result, we add the term (z™ — z*¥+¢~1)/(1 — x) to the approximate
value of Gk(k 1. LE=1).. 1( ).

(iv) Begmmng with k(k—1)...1 and ending with 12...¢: Suppose
m = w'nn" € S5,(1-3-2). Any letter of 7' is greater than any letter of 7",
since otherwise we have an occurrence of the pattern 1-3-2 in 7 containing
the letter n which is forbidden. Also, n' and 7" avoid 1-3-2. If 7 begins
with k(k —1)...1, ends with 12...¢ and 7' and #" are not empty, then 7’
must begin with k(k—1)...1 and 7" must end with 12...£. If 7’ is empty
then 7" must begin with (k¥ — 1)(k —2)...1 and end with 12...4. If 7" is
empty then 7' must begin with k(k—1)...1 and end with 12...({—1). In
terms of generating functions, the discussion above leads to the following:

Gl ) Gl ) ()G @)
+aGigy P @) + 2GR T @),

where we observed that to avoid 1-3-2 and end with 12.../ is the same as
to avoid 2-1-3 and begin with 12.../¢. However, to put the sign “=" instead
of “~”  we have to correct the right-hand side of the recurrence relation
by observing that when either kK =1 and £ =0, or Kk =0and £ =1, or
k=1 and £ = 1, the formula does not count the permutation 7 = 1 which
satisfies all the conditions needed. Thus, if we make correction of the right-
hand side, then multiply both parts of the obtained equality by z*y* and
sum over all natural ¥ and £ we get (recall the definition of G1-3-2(x,y, 2)
in the statement of the theorem):

Gi-3-2(z,y,2) =2 Z Gllc(g 21) @) G (o)yk 2t
£,£>0
+z(y + 2)G1-3-2(2,y,2) + z(y + 2 + y2).
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From Propositions 5 and 6, G¥¥ V" (2)G12-4(z) = 2"+ CH++2(z), and
thus
G13-2(2,y,2)

— % w(y+z+yz)+ Z wk+lck+l+2(w)ykzl
k>0

= i (ol + 2+ 92) +202() T ayC@)* ¥ weC@)
k>0 £>0
C(z)—1
= lfz(1y+z) ('Z.(y +z+ yz) + (lfzyC’(z())zlfzzC(z))) ’
where we used that zC?(z) = C(z) — 1. O

Proposition 11. Let k,£ > 1 and m = max(k,£). We have
(1) Gé%l_lg,lZZ(x) — .’L'k+e_lck+1 (:1:) + 2™ _pktei-1

1-z

(
(iii) GEGZD- LI L gy — ght-1 0t () 4 2" e T
(iv) the generating function Go1-3(z,y,2) = k%o G;Z_)'l';lg’l(e_l)"'l(:c)ykzl
for the sequence {G;?i’;’;’lu*l)'”l (@) }r,e>0 (where k and £ go through all
natural numbers) is
_ z(y+2z+yz)+ Ol 1
1—z(y + 2) Y Y (1 —2yC(x))(1 — z22C(x)) )

Proof. We apply the reverse and complement operations and then use the
results of Proposition 10. For example, to avoid 2-1-3, begin with 12...k
and end with 12...7 is the same as to avoid 1-3-2, begin with 12...7 and
end with 12...k. O

Let h®*(t;s) denote the number of 1-2-3-avoiding n-permutations such
that 7, =t, Tp_py1 =8, 1 > T2 > - > g, and Tp_py1 > Tpogya > -0 >
7n. Also, we define g, (i1,%2,...,im;b) to be the number of 1-2-3-avoiding
n-permutations such that myms --- 7, = 4192...%, and 7, = b. We need
the following two lemmas to prove Proposition 14.

Lemma 12. For alln > 2, g,(a;b) is given by

(O, 2<a+1<b<n,
(Z:%)’ 1<a<n-1,b=a+1
<
(resbe) (e b %) a<h<a<n
L ("5e30) = (1), 1<b<a<n.
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Proof. By definitions we have

(1) gn(a;b) =0forall2<a+1<b<mn;

(2) gn(asa +1) = gn(a,lza+ 1) + ... + gnla,a — Lia + 1) + gn(a,a +
2a+1)+...+gn(a,n —1;a+ 1) + gn(a,n;a + 1). Using the fact that no
there exists a permutation 7 € S,,(1-2-3) such that m; = a, m < a—2, and
T, =a+ 1 we get

gn(a;a+1) =gp(a,a—l;a+ 1)+ gn(a,a+2;a+1) +... 4+ gn(a,n;a+1).
Using the fact that no there exists a permutation 7 € S, (1-2-3) such that
m = aand a < my < n—1weget g,(a;a+1) = gn(a,a—1;a+1)+g,(a,n;a+
1). On the other hand, it is easy to see that g, (a,a—1;a+1) = g,—1(a—1;a)
and gn(a,n;a+1) = g,—1(a;a + 1). Hence,
gn(a;a+1) = gp_1(a—1;a) + gn—1(a;a + 1).
Using induction we get that g,(a;a+ 1) = (Z:f) foralln>2and1<a<
n—1.
(3) Using Equation (10) we get

n@51) = ga(@2) =sns(a= 1) = S (-0 ("1 e

=0 J
Similarly as (2) we have for all a > b,
9n(a;0) = gn—1(b—1;0) + gn—1(b+ 150) + gn—1(b + 2;b) + - - - + gn—1(a; b).
Using the above equation together with induction on n,a,b, we get the

desired result. O

Lemma 13. The number h¥4(t;s) is given by

(1) (o) gntz-h—et = (€=1);s = (€ =1)), f1<s<t<m
REE(t + 15¢), if s =t+1;
RPNt s — 1) + hE V(s — 1), if2<t+1<s<n.

Proof. (1) Let n >t > s > 1; so by definitions we get
n—t\[(s—1
o) = (1 21) (521 )am v nle— €= 5= €= ),

(2) Let s =t + 1; so it is easy to see hEt(t;t + 1) = hEL(t + 1;¢);

(3) Let 2<t+ 1< s <n. Let m be any permutations in S, (1-2-3) such
that 7, =t and 711y = s where 1y > --- > 7 and 414 > -+ - > Tp; SO
there two possibilities either m,42_¢ =s—1or 7; =s—1 where j <k —1.
In this first case we get that there exist hﬁ’le(t; s — 1) permutations, and
in the second case we have that there exist A" 3(t;s — 1) permutations.
(We extend the number h%!(a;b) as 0 for any £ < 0 or k < 0). O
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We recall that the Kronecker delta dy,  is defined to be

5= 1, ifn=k,
mkT 0, else.
Proposition 14. We have
N o~12.k12.0, v _ ) 0, ifk>3o0rl>3
() G (z) = { zC%(z), ifk=1landl=1"
0 ifn =3
NS0 ={ G, e e ML) = N0 = G
(ii) The number Nf_(f_gl)"'l’lz"'l(n) is given by
0, if =3,
nk n—t—1 it j(m—t—j—1 .
t; (" i1 E_:O DI (") Ot + (B = Do g, i =2,
n?—lfk et n‘l_t b )
tzl (k-1) 'Zo(_l)]( j 7)Cn—t—j, if £ =1.
= j=

12..k,(£—1)...1

(iil) The number N, 5 5 (n) is given by

0, if k>3,
n— n—t—1 . . -
t; (nZ—tII) 20 ( ) (n tjj 1)C(n—t—j—l + (K - 1)6n,€+1; 'Lf k= 2,
n:_lil _t n— t .
t; ( ) Z( 1) ( ])Cn—t—j—la ifk=1.
(iv) Nyl bt gy = ST S B (s 5), where h(t; 5) ds

given in Lemma 13.

Proof.

(i) Beginning with 12...% and ending with 12...4: If k > 3or £ > 3,
the statement is obvious, since in this case 12...k or 12...£ does not avoid
the pattern 1-2-3. If k = 1 or £ = 1, we get the statement from Proposition 8
(in the first of these cases we apply the reverse and complement operations).
Suppose now that k = 2, £ = 2, and an n-permutation 7w avoids 1-2-3, begins
with the pattern 12 and ends with the pattern 12. The letter n must be next
to the leftmost letter, since otherwise two leftmost letters and n form the
pattern 1-2-3. Also, the letter 1 must be next to the rightmost letter, since
otherwise 1 and the two rightmost letters form the pattern 1-2-3. It is easy
to see now that there are C,,_» possibilities to choose 7, since we can take
any 1-2-3-avoiding permutation on the letters {2,3,...,n — 1} (there are
Cp—2 such permutations), then let the letters n and 1 be in the second and
(n —1)-st positions respectively. These considerations only fail when n = 3,
since in this case the second and (n — 1)-st positions coincide. However, in
this case we obviously have no permutations with the good properties.



14 SERGEY KITAEV AND TOUFIK MANSOUR

(ii) Beginning with k(k — 1)...1 and ending with 12...¢: The
statement is true for £ > 3, since in this case 12...¢ does not avoid 1-2-3.
For the case £ = 1 we use Proposition 9. Suppose now that £ = 2, and
an n-permutation m avoids 1-2-3, begins with the pattern k(k—1)...1 and
ends with the pattern 12. The letter 1 must be next to the rightmost letter,
since otherwise 1 and two rightmost letters form the pattern 1-2-3. So, to
form 7 we can take any (n — 1)-permutation on the letters {2,3,...,n} that
avoids 1-2-3 and begins with the pattern k(k —1)...1 (the number of such
permutations is given by Proposition 9), and then let the letter 1 be in the
(n — 1)-st position. Also, we observe that in the case n = k + 1 we have
k —1 extra permutations, which are obtained from the (n — 1)-permutations
having the k — 1 leftmost letters in decreasing order and two rightmost
letters in increasing order.

(iii) Beginning with 12...%k and ending with /(¢ — 1)...1: By the
reverse and complement operations, to avoid 1-2-3, begin with the pattern
12...k and end with the pattern £(£ —1)...1 is the same as to avoid 1-2-3,
begin with the pattern /(£ —1)...1 and end with the pattern 12...k, so we
can apply the results of the previous case.

(iv) Beginning with k(k—1)...1 and ending with /(/—1)...1: The
statement is immediate from the definitions of Nf_(f_gl)“'l’l(e_l)"'l(n) and
hEL(t, 5). O

6. AVOIDING A PATTERN XYZ, BEGINNING AND ENDING WITH CERTAIN
PATTERNS SIMULTANEOUSLY

Recall that according to Section 2, EX"(x) denotes the exponential gen-
erating function for the number of permutations that avoid the pattern p,
begin with the pattern g and end with the pattern r.

Proposition 15. We have
(i)
Ei3t(z), ifk=1
E12...k,12...€ :L' :{ 132 ) ’ ,
213 ( ) E%%sk(m), Zf@ =1

where E125+¢(x) and Ei%;+*(x) are given in Table 1(K1-K38) and Table 1(K5)

respectively. For k,£ > 2, Ezlfé"k’u“'f(a:) satisfies

k12,0
Ltz 24t -
12...k,12...(0—1 12..k,12 -
= Ey; ( )(97) + (E213 (z) + h) El35t(x).

(ii)
0(—1)...1 .
Fl2 k1)l oy { Eis (z), z.fk =1 7
219 O=\ Bt@,  e=1
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where Efg{l)'“l(x) and E3%;%(z) are given in Table 1(K4) and (K5) re-

spectively. For k,£ > 2, E;123 -k E(t=1)-. (z) satisfies

kL (e— g1
8 E;f3 (=) 1(1') = (e 1)'E%123 k()

12...k,12 zh-1 £(£—1)...1 k4e—2) ghti-2
(E213 () + & o= 1)1) Eng ) (z) + ( :—12)M'

(iii)
E12...E(m) ’Lfk =1
Eh=1). 11208 { 133 (%), . ,
213 (z) E;(g 1)---1(33.)7 ifl=1
| Formula | Eq. |
Bl (z) = m Kl
12 —=%/2
Eig(2) = —pemmm g — 21 K2

E%gé"k (z) = E132( )

fo th—z tz (e*t?/2 f;:a )) dt2 e dtkfzdtl K3
f:gg Del(g) = % th=1e=t*/2 gt K4
0
: t k=2 T(t)—T(s)
By *(z) = fow fO (k72§!(1ffot e—m>/2dm) dsdt K5
where

—t2/2

T(.’L’) = —£U2/2+f0 m dt

51%6 b (37)— (k 1)'
t
! Ck n( )+(5nk*2

N / / K2 g -t K6
Z 0 f(f e 2dm

Where

Ci(z) = &™)

fE el T (1_f0_—7m/2/dm —t— 1) dtdty - dty

with T( ) Wthh is given in K5.
Table 1. [Kit3, Equation 12, Theorem 6(i),6(ii),7,10,11].
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where Ei2y-‘(z) and E§1(§*1""1(x) are given in Table 1(K1-K3) and (K6)
respectively. For k,{ > 2, E§1(5—1)...1,12...e(x) satisfies
k(k=1)...1,12...0 k—1)...1,12...8
N e N DR
+Eyy 7 (@) Bl t(a) + By T (@).

(iv)

Ek(kfl)...l,l(lfl).._l(w) _ Efgg’l)‘“l(x), ifk=1
e By V@), ife=1"

where Efgg_l)'“l(m) and Egl(g_l)"'l(x) are given in Table 1(K/) and (K6)

respectively. For k, £ > 2, Egl(gfl)"'l’l(lfl)"'l(m) satisfies

k(k—1)...1,0(¢—1)...
%E21(3 RER 1(5’7)

k—1)...1,0(£—1)...1 £(£—1)...1 -1 k(k—1)...1,12
= BV ) (BTN @) + g ) BT (@),

Proof.

(ii) Beginning with 12...k and ending with £(£—1)...1: The state-
ment is obviously true when £ = 1 and ¢ = 1. Suppose now that k& > 2,
£ > 2 and an (n + 1)-permutation 7 avoids 213, begins with the pattern
12...k and ends with the pattern 12...£. The letter (n+ 1) can only be in
the position k, or in the position i, where (k+ 1) <i <n —£+ 1, or in the
position n — £+ 2. In the first case, we choose the (k—1) leftmost letters in
( kfl) ways, rearrange them into the increasing order, and observe, that the
letters of 7 to the right of (n + 1) must form an (n — k + 1)-permutation,
that avoids 213 and ends with the pattern £(£—1)...1 (the number of such
permutations, using the reverse and complement operation, is equal to the
number of (n — k + 1)-permutations that avoid 132 and begin with the pat-
tern £(£ —1)...1). In the third case, we choose the (£ — 1) rightmost letters
in ( 121) ways, rearrange them into the decreasing order, and observe, that
the letters of 7 to the left of (n + 1) must form an (n — £ + 1)-permutation,
that avoids 213, begins with the pattern 12...k, and ends with the pat-
tern 12 (if it ends with the pattern 21, the letter (n + 1) and two letters
immediately to the left of it form the pattern 213). In the second case, we
choose the letters of 7 to the left of (n+ 1) in (;”,) ways and observe, that
these letters must form a (i — 1)-permutation that avoids 213, begins with
the pattern 12...k and ends with the pattern 12. At the same time, the
letters to the right of (n + 1) must form an (n — i + 2)-permutation that
avoids 213 and ends with the pattern £(£—1)...1. Besides, we observe that
if n = k+£—2, that is |w| = k+¢—1, and first k-letters of 7 are rearranged
into the increasing order, whereas the last £ letters are rearranged in the
decreasing order, we have a number of extra “good” permutations. The
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number of such permutations is the number of ways of choosing the first
(k — 1) letters, that is ('Tff) This discussion leads to the following;:

NIZklED Jre(lf) -
= (,2) Nigy T (n—k+ 1)+ (,2)NafsF(n —£+1)

n i n N12...k,12(i)N£(lfl)...1( _i)+ k+2-2 5
i 213 132 n E—1 n,k+£—25
i=0

where 0y, k4¢—2 is the Kronecker delta. We get the desired result by multi-
plying both sides of the last equality by z™/n! and summing over n.

(i) Beginning with 12...k and ending with 12...¢: The statement
is obviously true when k£ = 1 and ¢ = 1. Suppose now that k > 2, £ > 2 and
an (n + 1)-permutation 7 avoids 213, begins with the pattern 12...%k and
ends with the pattern 12...¢. The letter (n+ 1) can only be in the position
k, or in the position i, where (kK + 1) < i < n — ¥, or in the (n + 1)-th
position. In the last case, the number of such permutations is obviously
N;fé“k’lz"'e_l(n). In the first case, we choose the (k — 1) leftmost letters
in (,",) ways, rearrange them into increasing order, and observe, that the
letters of 7 to the right of (n + 1) must form an (n — k + 1)-permutation,
that avoids 213 and ends with the pattern 12...¢ (the number of such
permutations, using the reverse and complement operation, is equal to the
number of (n — k + 1)-permutations that avoid 132 and begin with the
pattern 12...¢). In the second case, we choose the letters of 7 to the left
of (n+1) in (Zfl) ways and observe, that these letters must form a (i — 1)-
permutation that avoids 213, begins with the pattern 12...% and ends with
the pattern 12 (if it ends with the pattern 21, the letter (n + 1) and two
letters immediately to the left of it form the pattern 213). At the same
time, the letters to the right of (n+1) must form an (n — i+ 2)-permutation
that avoids 213 and ends with the pattern 12.../¢. This discussion leads to
the following:

12..k,12...8 12..k,12...0—1
Nyis (n+1) = Nyj3 (n)

n
=3 (o -0+ (") M ek,
=0
We get the desired result by multiplying both sides of the last equality by
z™/n! and summing over n.

(iii,iv) Beginning with k(k—1)...1 and ending with 12...¢ or with
£(¢ —1)...1: We proceed in the same way as we do under considering the
previous case. O

We observe that the number of permutations that avoid the pattern 132,
begin with the pattern p and end with the pattern r is equal to the number
of permutations that avoid the pattern 213, begin with the pattern r' and
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end with the pattern p', where p’ and r’' are obtained from p and r by
applying the composition of the reverse and complement operations. Thus,

T CoR(r),CoR
Eféz(m) = Ey5 ") 2 ().

Proposition 16. We define Ok (x) to be

. k-1
/0 sec(PTg(t)) (sin(\Ilg(t)) - ?em) <<I>k(t) + h) dt,

where

z/2 z
Bi(z) = —— sec(Tg(w)) / =241 sin (T4 (1)) dt,
(k= 1! 0
and ¥i(z) = @w + %+ We have
(1) Ei;gk,lZf(x) —

(0, if k>3 orf>3,
T—3%— @ tan(Pg(z))+
sec(Tg(x)) (@ (e/2 4+ e7®/2) — sin(lI!3(a:))) ,
:% ifk=2and =2,

@ewﬂ sec(Pq(z0) — 1,
ifk=1andfl=1,
Y3er/? sec(Wg()) — 3 — ¥ tan(Te(x)),

27 2
L otherwise;
0, if k>3,
) B0 = e, L
64(55)7 Zf k=2;
0, if >3,
(if) Bizs V@) = § Ba(a), i L=1,
®k(m)7 if £ =2;
(iv) Efz(gfl)“'l’l(lfl)“'l(x) is given by
By ! (a), fk=1,

(2), fl=1,
Bigs M) = Bigg V@), ife=2;
Fork>2and ¢ > 3, Efé’;_l)“'l’e(z_l)"'l(:c) satisfies
o ph(k-1)..1Le-1)..1

Bz 123 » ( Z ) e
—1).1 zt k(k—1)...1,21 k—1)...1,6(¢—1)...1
= (E1g3 ) (z) + —([,1)1) E12(3 ) (z) + E§23 o ) (z),
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where Ef%*l)“'l(:c) is given in [KitMans, Theorem 2]:

Ek(k—l)...l(x) _ e"/2 [ e 2R sin(We(t)) dt
123 (k —1)!cos(¥g(x)) ’

and Efégil)'“l’lz is given in this theorem above.
Proof.

(iii) Beginning with k(k —1)...1 and ending with 12...4: If £> 3
then the pattern 12.../¢ does not avoid 123, thus the statement is true.
If £ = 1, the statement is true according to [Kit3, Theorem 8] and the
observation that if £ = 1 then this formula gives the expression

\/73693/2 sec(Ug(x)) — 1,
which is true according to [ElizNoy, Theorem 4.1] and the assumption that
the empty permutation does not begin or end with the pattern p = 1. So,
we need only to consider the case £ = 2.

Let Py(n) denote the number of n-permutations that avoid the pattern
123, begin with a decreasing subword of length k£ and end with the pattern
12. Also, let Rj(n) denote the number of n-permutations that avoid the
pattern 123 and begin with a decreasing subword of length k. Let 7 = 71 175
be an (n + 1)-permutation that avoids the pattern 123, begins with the
pattern k(k — 1)...1 and ends with the pattern 12. We observe that m;
avoids 123 and begins with k(k — 1) ...1; m» ends with the pattern 12 and
|2| > 0 since otherwise 7 cannot end with the pattern 12; if |my| > 1 then
mo must begin with the pattern 21 since otherwise we have an occurrence
of the pattern 123 beginning from the letter 1. If |71| = ¢ then the letters
of m can be chosen in (7!) ways. So, there are at least

> (’Z) Ry, (i)Py(n — i) + nRy(n — 1)

i>0

(n + 1)-permutations with the good properties, where the first term cor-
responds to the case |m2| > 1 and the second term to the case |m| = 1.
By this formula, we do not count the permutations having |m| = k£ — 1,
although in this case 7 begins with the pattern k(k —1)...1. So, we can
choose the letters of 7y in (,",) ways, and according to whether |m3| > 1 or
|m2| = 1, we have two terms:

n
(k‘ 1>P2(n—k+1)+k(5n,k,

where §,, ;, is the Kronecker delta. Thus,

=> (?)Rk(i)PQ(TL —i)+nRi(n—1)+ (kfl)PZ(n —k+1)+kdni.
i>0
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After multiplying both sides of the last equality with 2™ /n! and summing
over n, we have

(11) iEk(kfl)...l,m(m) = (B4 () + 2) Ek(kfl)...l(m)_}_ zk=1
dx 123 123 123 (k — 1)| ’
with the initial condition Efé’;_l)"'l’u(O) = 0. Since
k(k—1)... k(k—1)...1,
iy V@) = Fig ) @)
= oy sec(Te(2)) [y e/ tF 1 sin(Ts(1)) dt,
to solve (11), we only need to know Eig3°(2). To find it, we set k = 2

into (11) and solve this equation. For an example how to solve such an
equation, we refer to Table 1(K1-K3). We get
E2412(2) = —z + sec(Tg(x))e "/ / €72 cos(Wg (1)) dt.
0
Now, we put the formula for E;33"(z) into (11) and solve this differential
equation to get the desired result.

(ii) Beginning with 12...%k and ending with ¢(¢{ — 1)...1: By the
reverse and complement operations, to avoid 123, begin with the pattern
12...k and end with the pattern £(¢ — 1) ...1 is the same as to avoid 123,
begin with the pattern (£ —1)...1 and end with the pattern 12...k, so we
can apply the results of the previous case.

(i) Beginning with 12...k and ending with 12...¢: The statement
is obvious if ¥k > 3 or £ > 3. If k = 1 and £ = 1 then the statement is
true according to [ElizNoy, Theorem 4.1] (but we need to subtract 1, since
by our assumption the empty permutation does not begin or end with the
pattern p = 1). If £ = 1 and k = 2, the statement is true according [Kit3,
Theorem 9]. If £ = 1 and ¢ = 2, we apply the reverse and complement
operations, and use again [Kit3, Theorem 9]. So, we only need to consider
the case k = 2 and £ = 2. It is easy to see that

12,12 1,12 21,12
B33 7 (%) = Epbs (2) — Efgy ~ (2),
and from the previous cases

B2 0) = Yool soc(Ba(@) - & = 2 tan(Wa(2)),

and

E2%(z) = —2 + sec(Tg () (gin(%(x)) - ?em) ,

(iv) Beginning with k(k —1)...1 and ending with ¢(¢{ —1)...1: If
£ =1, the statement is trivial. If £ = 1, we get the statement by using the
reverse and complement operations. For the case £ = 2, we observe that
the number of n-permutations that avoid the pattern 123, begin with the
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pattern k(k—1)...1 and end with the pattern 21 is equal to the number of
n-permutation that avoid 123 and begin with the pattern k(k—1)...1 minus
the number of n-permutations that avoid the pattern 123, begin with the
pattern k(k—1)...1 and end with the pattern 12. Suppose now that k > 2
and £ > 3 and an (n+1)-permutation 7 avoids 123, begins with k(k—1)...1
and ends with £(£ —1)...1. It is easy to see that the letter (n + 1) can be
either in the first position, or in the position ¢, where (k +1) <14 < (n —¥£),
or in the position (n — £+ 1). In the first of these cases, obviously we
have Nl(;“g”'“l*‘“‘”“'l(n) permutations. In the second case, we choose the
letters of 7w to the left of (n + 1) in (ifl) ways. These letters must form a
permutation that avoids 123, begins with the pattern k(k—1)...1, and ends
with the pattern 21 (if the last condition does not hold, the letter (n + 1)
and two letters to the left of it form a 123-pattern. At the same time, the
letters to the right of (n + 1) form a permutation that avoids 123 and ends
with the pattern £(£ — 1)...1. In the third case, we can choose the letters
to the right of (n + 1) in (,”,) ways, rearrange them into the decreasing
order, and form from the letters to the left of (n + 1) a permutation that
avoids 123, begins with the pattern k(k —1)...1 and ends with the pattern

21 (by the same reasons as above) in N1k2(§ D1, ?!(n — £+ 1) ways. Thus,

Nf(k_l)"'l’e(e_l)"'l( +1)

= Mg 3 (N N
()N T = 4 1),

where we observed, that to avoid 123 and end with £(£ — 1)...1 is the
same as to avoid 123 and begin with £(£ — 1)...1 using the reverse and
complement. Now, we multiply both sides of the equality by z™/n! and
sum over n to get the desired result. O

7. AVOIDING A PATTERN X-YZ, BEGINNING AND ENDING WITH CERTAIN
PATTERNS SIMULTANEOUSLY

Proposition 17. We have
@ t tn
e [Tee Z — dt, ifk>2
12...k,1 0 | ) el
(i) B\ 557 () = E%sk(x) = nSk1 .
e 1, ifk=1
For £> 2, E\%5"" ! (z) satisfies

61‘ 1-32 Z'

0 =2 CLJ

12...k,12.. Z -

E E11232k ) ezxmaz(l,k) L
i=0
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N 12k, 0(6—1) 1 .
(i) B, %55 (e=1) (%) satisfies

6171

R o
e’ [y e Z mdt, ifk>2,
9zt—1

12..k,6(6—1)...1
Eis (= (z) = n>k—1
e 1, ifk=1.
(iii) the gemerating functions Ef_(gz_l)"'l’l(m) and Ef_(gz_l)l(m) are given
by
(€ /(k — 1)) [ th—te=e"+t dt, if k> 2
e 1 ifk=1
For ¢ >2, Ef_(ggl)"'l’lz"'f(a:) satisfies
k(k—1)...1,12...£
a%El—(w ) (2)
= 't k(k—1)...1 = zt k-1
= | e* —ZF E1_32 (.’L')+ e’ —Z? h
i=0 i )
(iv) Ef_‘g“;l"“l"f“‘”“'l (z) satisfies

at-1 k(k—1)...1,6(£—1)...1 gmae(k0) o kte—1
Bzf—1 (E1—32 (z) — 1=

_ —(kei): [Tt et dt, if k> 2,
e, ifk=1.

Proof.

(ii) Beginning with 12...k and ending with ¢(£—1)...1: If £ =1
then the result follows from [KitMans, Proposition 5], since to avoid 1-32 and
begin with 12. ..k is the same as to avoid 3-12 and begin with k(k—1)...1.
Suppose now that £ > 2 and a permutation 7 avoids the pattern 1-32, begins
with the pattern 12... % and ends with the pattern £(£—1)...1. Since £ > 2,
we have that the letter 1 must be in the rightmost position since otherwise,
this letter and two rightmost letters of « form the pattern 1-32, which is
forbidden. Thus,

12..k,6(6—1)...1 12k, (£—1)(£-2)..1 ok,
Nyils) Dt () = N33 EDER 1) = = NGB n—t+1).
Multiplying both sides of the equality
Ny ) = N - 04 1)
by "1 /(n — £ + 1)! and summing over n, we get

Ol o kee-1).1
st BV @) = Bt ),

where Ei%;F () is given in [KitMans, Proposition 5], since to avoid 1-32 and
begin with 12...% is the same as to avoid 3-12 and begin with k(k—1)...1.
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(iv) Beginning with k(k—1)...1 and ending with £({—1)...1: We
use the same arguments as those given under consideration of the previous
case, but instead of [KitMans, Proposition 5] we use [KitMans, Proposition
4]. However, we observe, that when we use the argument

k(k—1)...1,6(¢—1)...1
NAE=D- D

k(k—1)...1,(0—1)(£—2)... k(k—1)...1,
:Nl—(32 Db D) 1("—1):“‘:]\71—(32 Y Pln-t+1)

for k, £ > 2, we do not count the decreasing permutations of length maz(k, £),
maz(k,f)+1,...,k+£—2, since in this case, the patterns k(k—1)...1 and
£(£—1)...1 overlap in more than one letter, which causes the observation.
So, we need to consider additionally the term

B mmam(k,l) — phte-1
mmaw(k,(f) + xmaw(k,f)—i—l 4ot xk—i—l 2 _

1—z ’

which vanishesif k =1or £ = 1.

(i) Beginning with 12...% and ending with 12...¢: The only inter-
esting case here is the case £k > 2 and ¢ > 2. Using the reverse and com-
plement, instead of considering avoiding 1-32, beginning with 12...k and
ending with 12...¢, we consider avoiding 21-3, beginning with 12...¢ and
ending with 12...k. Suppose an n-permutation 7 satisfies all the conditions.
We observe, that the letter n can be in the position i, where £ < i <n — k.
Also, n can be in the rightmost position if n > maz(¢, k). In any case,
the letters of 7 to the left of n must be in increasing order, since otherwise
we have an occurrence of the pattern 21-3. This means that in the second
case we have the only one permutation. In the first case, the letters of «
to the right of n must avoid 21-3 and end with the pattern 12...%k. The
number of such permutations, using the reverse and complement, is given
by Ni%5%(n —4). Thus, for n > maz (¢, k),

n—k

12...4,12..k n—1 2... .

Nyios (n) = Z; (i_1>N11_232k(n—z)+1.
i=

This gives

n -1

Ntk =30 (12 )Mt -0 - X (17 )Mt - 41,
i=1 i=1

which leads to the desired result after multiplying both sides of the last

equality by z™/n! and summing over n.

(iii) Beginning with k(k—1)...1 and ending with 12.../¢: The only
interesting case here is the case kK > 2 and £ > 2. Using the reverse and
complement, instead of considering avoiding 1-32, beginning with k(k —
1)...1 and ending with 12...¢, we consider avoiding 21-3, beginning with
12...¢ and ending with k(k—1)...1. Suppose an n-permutation 7 satisfies
all the conditions. We observe, that the letter n can only be in the position
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i, where £ < i < n—k, or in position (n — k+ 1) (in the case n > k+ £ —1).
In the first case, it is easy to see that the letters of 7 to the left of n
must be in the increasing order, and the letters of 7 to the right of n must
avoid 21-3 and end with the pattern k(k —1)...1. Using the reverse and
complement, the total number of permutations counted in the first case is
I (?:ll)Nf_(fQ_l)“'l(n —1i). In the second case, the letters to the left of n
are in increasing order, whereas the letters to the right of n are in decreasing
order. The number of such permutations is (}}), which is the number of
ways to choose the last k — 1 letters. Thus,

n—k
n—1 . n—1
e =5 (0 D)t (170).
i=£

Multiplying both parts of the equality by 2"~ /(n — 1)! and summing over
n, we get

0 12ik(k—1).1, n—l "t
83:E21'3 (x) = Z (n )

n>k+e
S (n=1\ k). 1 = NEG=D.1 ) ozt

Z Z i1 Ni-zo Z Ni-zs (n—1) 7(71_1)!:

n>0 \i=1 i=1

which leads to the desired result. O

Proposition 18. Let k,£ > 1 and m = max(k,f). We have
(1) GY5" () = ko1 ORI (g) 4 £
i) @ k(k 1)...1,12.. L(z) = gk H-102(z).

(
(iii) Gk(k 1)...1,6(e=1).. 1(;6) = 10t () 4+ " — z’“”‘l'
(iv) the generating function Ga-13(w,y,2) = E G12 A=) L gy

for the sequence {G;igk’lu*l)“'l(a:)}k,lzo (where k and £ go through all

natural numbers) is
1 C(z) -1
s (09 et )

Proof. By [Claes, Lemma 2], to avoid the pattern 2-13 is the same as to
avoid the pattern 2-1-3. Thus we can apply the results of Proposition 11. O

Proposition 19. We have

0, ifk>3o0rl>3,
Ei%sk(2) ift=1
k, N ) )
( ) E11223 12 (-7") = E112222€(:L‘), 'ifk =1,

where E12:5% (x) and E1%5% (z) are given by [K1tMans, Proposition 10] and [KitMans,
Proposition 6] respectively:
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( 07 ka Z 3’
2 £ ¢
x b /Lfk = 21
B3t (z) = Zl—y ;Hs o(1— sz)
md
P r— ifk=1;
\ d>0 Hs:O(]‘ - S.’E)
; if k>3,
Bi%i (o) = B30 @) = e [y e (et - 1) dt, if k=2,
e 1, ifk=1.
(11) N12 .k ﬂ(f 1) l(n) —
(0, if k>3,
0, ifk=2andn </,
1JrN12 (6-1)(£-2).. 1 —1)
) 2 n—1 .
+-z:(j_1)mggn—jx ifk=2andn>0+1,
j={+1
£(£—1)...1 .
\ N1£—3 ) (n), ifk=1,

where the numbers nyg b- *(n) are given in [KitMans, Proposition 9], and
the numbers N1%4(n) are given by expanding the exponential generating
functions in [KitMans, Proposition 6].
(iii) the exponential generating function Ej (53 1)"'1’12“'1(@ is given by
0, ife>3

kd)k+1

(k 1)' J‘O fO tmk 1 efe " +m dmdt—l— (k+1)'7 'lfé:Q s
(" /(k — 1)) [t~ le—e'+t g ift=1

where Ef_(ggl)"'l’l(n) f(§3 b "(n) is given by [KitMans, Proposition 4],

and Nlljggf_l)“'l (n) = Né{S b 1 (n) is given by [KitMans, Proposition 9];
(iv) For k> 2 and £ > 2, Ef_(f?jl)"'l’l(lfl)"'l(:c) satisfies

k(k L(e—
aazE1(z3 D LAED)- 1(45)

-1 5
k(k—1)...1,(£—1)...1 x k(k—1)...1 k
= E1£23 S (z) + (ew - Z 7,) (E1—(23 ) (z) + —(kw,l)!) .
=0
Proof.
(iii) Beginning with k(k —1)...1 and ending with 12...4: If £> 3
then Ef_(;“;”“'l’”“"(x) = 0, since in this case the pattern 12...¢ does not

avoid 1-23. If £ = 1 then we use [KitMans, Proposition 4], since in this case
the only restrictions to the permutations are avoiding 1-23 and beginning
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with the pattern k(k — 1)...1. Suppose now that £ = 2 and an (n + 1)-
permutation 7 avoids 1-23, begins with k(k — 1)...1 and ends with the
pattern 12. The letter 1 must be in next to the rightmost position, since
otherwise this letter and two rightmost letters form the pattern 1-23. We
can choose the rightmost letter of 7 in n ways, and the letters to the left
of 1 must form a 1-23-avoiding permutation that begins with k(k —1)...1.
Besides, if n = k, and the k& — 1 letters to the left of 1 are in the decreasing
order, we get n extra permutations that satisfy our restrictions. Thus,

Nf_(zk?,_l)'“l’m(n +1) = ank_(;:B—l)...l(n) 4 b,

where 6, 1, is the Kronecker delta. Multiplying both sides of the equality by
z™/n! and summing over n we get

E(k—1)...1,12 o k(k—1)..1 kaht!
E1—(23 ) (z) :/0 tE1—(23 ) (t) dt + G+
E(k—1)...1

Using the formula for E; ), (t) in [KitMans, Proposition 4], we get the
desired result.

(i) Beginning with 12...k and ending with 12.../: The first three
cases are easy to prove in the same manner as we do in the proves of previous
propositions. The only interesting case is when k = 2 and £ = 2. Using the
reverse and complement operations, instead of considering avoiding 1-23,
beginning with 12 and ending with 12, we consider avoiding 12-3, beginning
with 12 and ending with 12, which we find to be more easy. Suppose an
(n 4+ 1)-permutation 7 satisfies all the restrictions. It is easy to see that
|m| # 1 and |7| # 3, as well as if |7| = 2 (that is n = 1) then 7 must be 12.
Suppose |w| > 4. Since 7 begins with the pattern 12, it is impossible for the
letter (n+1) to be somewhere to the right of the second letter of 7 or to be
the leftmost letter. Thus, (n + 1) must be in the second position. We can
choose the leftmost letter of 7 in n ways, since any choice of this letter will
not lead to an occurrence of the pattern 12 — 3 beginning with two leftmost
letters. If # = a(n + 1)’ then 7' must avoid 12-3 and end with the pattern
12. The number of such permutations, using the reverse and complement,
is given by Ni%;(n — 1). Thus,

Multiplying both sides of the equality by 2" /n! and summing over all n, we
get
(Brzs (@) = 2E2(7) +
where the term 2 corresponds to the permutation 12. We have the desired
result by integrating both sides of the last equality.
(ii) Beginning with 12...k and ending with /(¢ —1)...1: All the
cases but ¥k = 2 and n > £+ 1 are easy to prove. Let us consider this
case. Using the reverse and complement operations, instead of considering
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avoiding 1-23, beginning with 12 and ending with £(¢ —1)...1, we consider
avoiding 12-3, beginning with £(¢ — 1) ...1 and ending with 12, which we
find to be easier. Let an n-permutation 7 satisfy all the conditions. We
observe, that the letter n is either in the first position, or in position j, where
k+1 < j <n-—2,orin the last position. Obviously, in the first of these cases

the number of “good” permutations is given by N1(§j31)(472)...1,12(n - 1),

which is equivalent to N11_22,§4—1)(e—2)...1(n — 1) by using the reverse and
complement. In the second case, we choose the letters to the left of n in
(7:11) ways, rearrange them to the decreasing order (we do it since otherwise
we have an occurrence of the pattern 12-3 having the letter n). After that,
the letters to the right of n must form a permutation that avoid 12-3 and
end with the pattern 12. Using the reverse and complement, there are
Ni%.(n — j) such permutations. So, totally, in the second case there are
E?:_zz 1 (?:II)NII_Z%(n— j) permutations. Finally, if n is at the last position,
we have the only one such permutation, since the other letters must be in
the decreasing order.

(iv) Beginning with k(k—1)...1 and ending with £(£—1)...1: The
only interesting case here is the case £ > 2 and ¢ > 2. Using the reverse
and complement operations, instead of considering avoiding 1-23, beginning
with k(k —1)...1 and ending with £(¢—1)...1, we consider avoiding 12-3,
beginning with ¢(£ — 1)...1 and ending with k(k — 1) ...1, which we find
to be more easy. Let an n-permutation 7 satisfy all the conditions. We
observe, that the letter n is either in the first position, or in position j,
where £+ 1 < j < n —k, or in the last position n — k + 1. We proceed as
in the previous case to get the following

£(0—1)...1,k(k—1)...1
g )

n—k
£-1)..1,k(k—1)... n—=1\ _kk-1).. . n—1
= Njg bty Z (i_l)Nl—(% Y 1(”—l)+<k_1>a
=11

where three terms in the right-hand side correspond to the three cases de-
scribed above. We now multiply both sides of the equality by z"/n!, sum
over n and observe the following detail. We cannot write instead of i = £+1
(in the sum above) i = 1 as we did in most of the cases above, since, for
instance, the case ¢ = 1 do not necessarily make the term of summation
equal 0 as it was before. Thus, instead of the factor e*, we have the factor

-1 i
T
<€z — E —> .
7!
=0
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8. AVOIDING A PATTERN XY-Z, BEGINNING AND ENDING WITH CERTAIN
PATTERNS SIMULTANEOUSLY

To obtain results for the number of permutations that avoid the pattern
zy — 2z, begin with the pattern p and end with the pattern r, one can apply
the results from Section 7 and subsequently together the composition of the
reverse and complement operations.

9. FURTHER RESULTS

In this section, we propose two directions of generalization of the results
from the previous sections. The first one is a consideration of avoiding more
than one pattern, beginning with some pattern and ending with another
pattern. For example, suppose that v = 12-3, w = 21-3, p = 12...k,
q=12...4,and EP'{ (z) denotes the exponential generating function for the
number of permutations that avoid the patterns v and w simultaneously,
begin with the pattern p and end with the pattern ¢. It is easy to see that
if k>3 or¢>3then E11§_3’“211_23£($) = 0. For the other k and £, one can
prove the following theorem:

Theorem 20. We have
2
(i) E11§1—3,21—3 (z) =eto/2 — 1.

@) Bl arale) =t/ (1= [ eV 2at) -1
i) B2t o a(z) = [T tet /24t
12:3,21-3 0
: 12,12 — 1,2 T t+t2/2 _ t —7‘—7‘2/2 _
(iv) B33 5(x) = 52° + [ |e 1-Jje dr) — 1| dt.

The second direction is a consideration of permutations in S,, containing
a pattern v exactly r times, beginning with some pattern and ending with
another pattern. For example, suppose that v = 12-3, r = 1, p = 1...k,
g = 1, and N};(n) denotes the number of n-permutations that contain
the pattern v exactly r times, begin with the pattern p, and end with the
pattern q. It is easy to see that the only interesting caseis 1 < k < 3, since

otherwise V. 112?_"3'3’1 (n) = 0. Moreover, one can prove the following theorem:

Theorem 21. Let F,, denote the number of n-permutations containing 12-3
exactly once. Then, for all n > 3,
N112’21—33;11 (n) = FnN11221é;1(") =(n-1)F, 14+ (n—2)By, »,
Nig31(n) = (n—2)B,_3,
where By, is the nth Bell number, and F, is given by [ClaesMans2, Corol-
lary 13].
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