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Abstract

This paper is a continuation of the systematic study of the distributions of simple
marked mesh patterns initiated in [6]. We study simple marked mesh patterns on
132-avoiding permutations. We derive generating functions for the number of oc-
currences of 4-parameter simple marked mesh patterns where only one parameter is
allowed to be non-zero or a non-empty set. We show that specializations of such gen-
erating functions count a number of classical combinatorial sequences. Generating
functions for the number of occurrences of 4-parameter simple marked mesh patterns
where two or more of the parameters are allowed to be non-zero are studied in the
upcoming paper [7].
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1 Introduction

The notion of mesh patterns was introduced by Brandén and Claesson [1] to provide explicit
expansions for certain permutation statistics as (possibly infinite) linear combinations of
(classical) permutation patterns. This notion was further studied in [4, 6, 10]. The present
paper, as well as the upcoming paper [7], are continuations of the systematic study of
distributions of simple marked mesh patterns on permutations initiated by Kitaev and
Remmel [6].

In this paper, we study the number of occurrences of what we call simple marked mesh
patterns. To start with, let ¢ = 01...0, be a permutation written in one-line notation.
Then we will consider the graph of o, G(o), to be the set of points {(i,0;) : 1 < i < n}. For
example, the graph of the permutation o = 471569283 is pictured in Figure 1. Then if we
draw a coordinate system centered at a point (7, 0;), we will be interested in the points that
lie in the four quadrants I, II, ITI, and IV of that coordinate system as pictured in Figure 1.
For any a,b,c,d € N, where N = {0,1,2,...} is the set of natural numbers, we say that o;
matches the simple marked mesh pattern M M P(a, b, c,d) in o if, in the coordinate system
centered at (7,0;), G(o) has > a, > b, > ¢, and > d points in Quadrants I, II, ITI, and IV,
respectively. For example, if 0 = 471569283, then o4 = 5 matches the simple marked mesh
pattern MM P(2,1,2,1), since relative to the coordinate system with origin (4,5), G(0)
has 3, 1, 2, and 2 points in Quadrants I, II, III, and IV, respectively.

Note that if a coordinate in MM P(a,b,c,d) is 0, then there is no condition imposed
on the points in the corresponding quadrant. In addition, we shall consider patterns
MMP(a,b,c,d) where a,b,c,d € NU{0}. Here, when a coordinate of MM P(a,b,c,d)
is the empty set, there must be no points in the corresponding quadrant for o; to match
MMP(a,b,c,d)ino. Forexample, if o = 471569283, then o3 = 1 matches the marked mesh
pattern MM P(4,2,0,0), since relative to the coordinate system with origin (3,1), G(o)
has 6, 2, 0, and 0 points in Quadrants I, II, III, and IV, respectively. We let mmp(®>¢ ()
denote the number of 7 such that o; matches the marked mesh pattern M M P(a, b, c,d) in
.

Given a sequence w = wy . .. wy, of distinct integers, let red(w) be the permutation found
by replacing the i-th largest integer that appears in w by i. For example, if w = 2754, then
red(w) = 1432. Given a permutation 7 = 7y...7; € S;, we say that the pattern 7 occurs
in o € S, if there exist 1 <4, < --- <i; < n such that red(o;, ...0y,) = 7. We say that a
permutation o avoids the pattern 7 if 7 does not occur in 0. We will let S,,(7) denote the
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Figure 1: The graph of o = 471569283.

set of permutations in S, that avoid 7. In the theory of permutation patterns, 7 is called
a classical pattern. See [5] for a comprehensive introduction to the area of permutation
patterns.

It has been a rather popular direction of research in the literature on permutation
patterns to study permutations avoiding a 3-letter pattern subject to extra restrictions
(see [5, Subsection 6.1.5]). The main goal of this paper and the upcoming paper [7] is to
study the generating functions

a,b,cd n abcd
Q§32 tr) =1+ Zt Qq(z 132 (1)

n>1

where for any a,b,c,d € NU {(},

a,b,c,d) mmp(@:6:d) (o
Qﬁu:’,g () = Z A @) (2)

€S, (132)

More precisely, this paper deals with the case when only one of a, b, ¢ and d is allowed to
be non-zero or non-empty set while [7] deals with the cases where at least two of a, b, ¢
and d are greater than 0.

For example, here are two tables of statistics for S3(132) that we will be interested in.

o | mmp1099(g) | mmp@09(5) [ mmp©@®t0(5) | mmp00(7)
123 2 0 2 0
213 2 1 1 1
231 1 1 1 2
312 1 2 1 1
321 0 2 0 2




o | mmpC2%9(5) [ mmp@299 () [ mmp@929 (o) [ mmp®002 (5)
123 1 0 1 0
213 0 0 1 0
231 0 1 0 0
312 0 0 0 1
321 0 1 0 1

Note that there is one obvious symmetry in this case. That is, we have the following
lemma.

Lemma 1. For any a,b,c,d € {)} UN,

a,b,c,d a,d,c,b
sz,lzaz )(1‘) = Qg,mz )(ac)

Proof. 1f we start with the graph G(o) of a permutation o € S(132) and reflect the graph
about the line y = x, then we get the permutation o~!, which is also in S(132). It is
easy to see that points in Quadrants I, II, III, and IV in the coordinate system with origin
(1,0;) in G(o) will reflect to points in Quadrants I, IV, III, and II, respectively, in the

coordinate system with origin (oy,7) in G(o~'). It follows that the map o — o~! shows
that Q,'155 () = Q" (¢). =

As a matter of fact, avoidance of a marked mesh pattern MM P(a, b, ¢,d) with a,b,c,d €
N can always be expressed in terms of multi-avoidance of (usually many) classical patterns.
Thus, among our results we will re-derive several known facts in the permutation pattern
theory. However, our main goals are more ambitious in that we will compute the generating
function for the distribution of the occurrences of the pattern in question, not just the
generating function for the number of permutations that avoid the pattern. Moreover, we
shall show that sequences of the form (Qfﬁ’fg;’d)(z)MT)nZS count a variety of combinatorial
objects that appear in the On-line Encyclopedia of Integer Sequences (OEIS) [8]. Thus our
results will give new combinatorial interpretations of such classical sequences such as the
Fine numbers and the Fibonacci numbers, as well as provide certain sequences that appear
in the OEIS with a combinatorial interpretation where none had existed before.

Given a permutation o € S, we say that o; is a right-to-left maximum of o if o; > o;
for all j > ¢. Similarly, one can define a right-to-left minimum, a left-to-right minimum,
and a left-to-right maximum.

2 Connections with other combinatorial objects

It is well-known that the cardinality of S, (132) is the n-th Catalan number C), = —5 (*").
There are many combinatorial interpretations of the Catalan numbers. For example, in
his book [9], Stanley lists 66 different interpretations and there are many more such inter-
pretations that can be found on his web site. Hence, any time one has a natural bijection
from S,,(132) into a set of combinatorial objects O,, counted by the n-th Catalan number,
one can use the bijection to transfer our statistics mmp(@*%9 to corresponding statistics
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on the elements of O,,. In this section, we shall briefly describe some of these statistics in
two of the most well-known interpretations of the Catalan numbers, namely, Dyck paths
and binary trees.

A Dyck path of length 2n is a path that starts at (0,0) and ends at the point (2n,0)
that consists of a sequence of up-steps (1,1) and down-steps (1,—1) such that the path
always stays on or above the x-axis. We will generally encode a Dyck path by its sequence
of up-steps and down-steps. Let D, denote the set of Dyck paths of length 2n. Then it is
easy to construct a bijection ¢, : S,(132) — Dy, by induction. To define ¢,,, we need to
define the lifting of a path P € Ds, to a path L(P) € Dy, 2. Here L(P) is constructed by
simply appending an up-step at the start of P and a down-step at the end of P. That is,
it P = (p1,...,pan), then L(P) = ((1,1),p1,...,pon, (1,—1)). An example of this map is
pictured in Figure 2. If P, € Dy, and P, € Dy, 9, we let P; P, denote the element of D,,
which consists of the path P, followed by the path P.

o kB N W A O

0O 1 2 3 4 5 6 7 8 9 10 11 12

L(P) =

o B N W N> O

0 1 2 3 4 5 6 7 8 9 10 11 12

Figure 2: The lifting of a Dyck path.

Then we let ¢1(1) = ((1,1),(1,—1)). For any n > 1 and any o € S,(132), we define
¢n(0) by cases as follows.

Case 1. 0, = n.
Then ¢n(0) = L(¢n—1(01 s Un—l))‘

Case 2. 0; = n where 1 < i < n. In this case, ¢,(0) = P, P, where
P1 = gbi(red(al e Uz)) and P2 = gbn_i(red(aﬂ_l Ce O'n>) = ¢n—i<0i+1 . O'n).

We have pictured the first few values of this map by listing the permutation o on the
left and the value of ¢, (o) on the right in Figure 3.

Suppose we are given a path P = (py,...,pa,) € Da,. Then we say that a step p; has
height s if p; is an up-step and the right-hand end point of p; is (i, s) or p; is a down-step
and the left-hand end point of p; is (i — 1, s). We say that (p;, ..., piror—1) is an interval of
length 2k if p; is an up-step, p;1or—1 is a down-step, p; and p; o1 have height 1, and, for
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Figure 3: Some initial values of the map ¢,.

all © < j < 2k — 1, the height of p; is strictly greater than 1. Thus an interval is a segment
of the path which starts and ends on the x-axis but does not hit the z-axis in between.
For example, if we consider the path ¢3(312) = (py,...,ps) pictured in Figure 3, then the
heights of the steps reading from left to right are 1,1,1,2,2,1 and there are two intervals,
one of length 2 consisting of (p1, p2) and one of length 4 consisting of (ps, p4, ps, Ps)-

This given, the following theorem is straightforward to prove by induction.

Theorem 2. Let k > 1.

1. For any o € S,(132), mmp®%%0) (a) is equal to the number of up-steps (equivalently,
to the number of down-steps) of height > k + 1 in ¢, (o).

2. For any o € S,(132), 1 plus the mazimum k such that mmp®**0) () £ 0 is equal to
one half the maximum length in an interval in ¢, (o).

Proof. We proceed by induction on n. Clearly the theorem is true for n = 1. Now sup-
pose that n > 1 and the theorem is true for all m < n. Let o € 5,(132) with o; = n.
Then it must be the case that oq,...,0;_; are all strictly bigger than all the elements in
{oit1,-..yon}, s0 {1,....n —i} = {o1,...,0n and {n —i+ 1,... ,n} = {o1,...,0:}.
Now consider the two cases in the definition of ¢,,.

Case 1. 0, = n.
In this case, ¢,(0) = L(P) where P = ¢, 1(01...0,-1). Thus for £ > 2, the num-
ber of up-steps of height > k in ¢,(0) equals the number of up-steps of height > £ in
Gp_1(01...0p_1), which equals mmp*~1009 (5, .. 5, ;) by induction. But since o, = n,
it is clear that for & > 2, mmp*=1099(5, ... g, ;) = mmp*®20(5). Thus mmp**00(q)
equals the number of up-steps of height > k in ¢, (o). Finally, mmp®%%9(s) =n — 1 and
there are n — 1 up-steps of height > 2 in ¢,(0).

In this case, the maximum length of an interval in ¢, (o) equals 2n and o,, = n shows
that mmp®%"~19(g5) = 1, so one half of the maximum length interval in ¢,(c) equals 1
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plus the maximum & such that mmp®%%9(g) £ 0.

Case 2. g, =nwhere1 <i<n-—1.

In this case, ¢,(0) = Py P, where P, = ¢;(red(oy...0;)) and Py = ¢p_i(0441 ... 0,). 1t fol-
lows that for any k£ > 1, the number of up-steps of height > k in ¢, (o) equals the number
of up-steps of height > k in P; plus the number of up-steps of height > k in P,, which by
induction is equal to

(k,0,0,0) (

mmp*%%) (red(oy . . . ;) + mmp Tis1---0p).

But clearly

k,0,0,0)<

mmp® 009 () = mmp®00 (red(o1 . . ) + mump® OO (g, . )

so that mmp®%%0) (4) is equal to the number of up-steps of height > k in ¢, (o).

Finally, in this case the maximum length of an interval in ¢,(c) is the maximum
of the maximum length intervals in P, and P,. On the other hand, the maximum k
such that mmp(®%*0) () #£ 0 is the maximum k such that mmp®%*0 (red(oy ... 0;)) # 0
or mmp®®*0 (g1 ... 5,) # 0. Thus it follows from the induction hypothesis that one
half of the maximum length of an interval in ¢, (o) is 1 plus the maximum & such that

mmp*0*0) (5) £ 0. O
We have the following corollary to Theorem 2.
Corollary 1. Let k > 1.

1. The number of permutations o € S,(132) such that mmp®**2%(g) = 0 equals the
number of Dyck paths P € Ds, such that all steps have height < k.

2. The number of permutations o € S,(132) such that mmp®**9(g) = 0 equals the
number of Dyck paths P € Do, such that the maximum length of an interval is < 2k.

Another set counted by the Catalan numbers is the set of rooted binary trees on n
nodes where each node is either a leaf, a node with a left child, a node with a right child,
or a node with both a right and a left child. Let B,, denote the set of rooted binary trees
with n nodes. Then it is well-known that |B,| = C,,. Again it is easy to define a bijection
0, : S,(132) — B, by induction. Start with a single node, denoted the root, and let i be
such that o; = n. Then, if i > 1, the root will have a left child, and the subtree above that
child is 0;_1(red(oy ...0;_1)). If i < n, then the root will have a right child, and the subtree
above that child is 6,,_;(0;41...0,). We have pictured the first few values of this map by
listing a permutation ¢ on the left and the value of 6,,(¢) on the right in Figure 4.

If T € B, and 7n is a node of T', then the left subtree of 7 is the subtree of T" whose
root is the left child of 1 and the right subtree of 7 is the subtree of T" whose root is the
right child of 7. The edge that connects 7 to its left child will be called a left edge and the
edge that connects 7 to its right child will be called a right edge. This given, the following
theorem is straightforward to prove by induction.
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Figure 4: Some initial values of the map 6,,.

Theorem 3. Let k > 1.

1. For any o € S,(132), mmp**09(5) is equal to the number of nodes 1 in 6,,(c) such
that there are > k left edges on the path from n to the root of 6,,(c).

2. For any o € S,(132), mmp®0#*9(5) is the number of nodes n in 0,(c) whose left
subtree has size > k.

Proof. We proceed by induction on n. Clearly the theorem is true for n = 1. Now suppose
that n > 1 and the theorem is true for all m < n. Let o € S,,(132) with o; = n, r be the
root of 6,(c), and ) be a node in 6, (o).

If i is in the left subtree of the root, then n has > k left edges on the path to r if and
only if it has > k — 1 left edges on the path to the root of the left subtree of r. If 7 is
in the right subtree of the root, then n has > k left edges on the path to r if and only if
it has > k left edges on the path to the root of the right subtree of r. Therefore, by the
induction hypothesis the number of nodes with > £ left edges on the path to the root is
mmp*F1000 (vred(oy ... 0;_1)) + mmp*099) (g, ... 5,), regarding each term as 0 if there
is no corresponding subtree. However, since each term in oy...0;,_1 has n to the right
of it and n never matches MM P(k,0,0,0), we see that mmp*~1009 (ved(a; ... 0, 1)) =
mmp*?09 (red(o; ... 0;)). Thus, the number of nodes with > k left edges on the path to
the root is mmp*299 (red(a; ... 0;)) + mmp*C00 (g, ... 0,) = mmp*000) (7).

It is clear that the number of nodes with left subtrees of size > k is equal to the
sum of those from each subtree of the root, possibly plus one for the root itself. In
other words, if x(statement) equals 1 if the statement is true and 0 otherwise, then
by the induction hypothesis, the number of such nodes is mmp®%*9 (red(oy ... 05 1)) +
mmp®%%9 (g, 1 ... 0,) + x(i > k), again regarding each term as 0 if there is no cor-
responding subtree. However, since n does not affect whether any other point matches
MMP(0,0,k,0) and matches itself whenever ¢ > k, we see this is precisely equal to
mmp©050) (7). O



Thus we have the following corollary.
Corollary 2. Let k> 1.

1. The number of permutations o € S,(132) such that mmp**2%(g) = 0 equals the
number of rooted binary trees T € B,, which have no nodes n with > k left edges on
the path from n to the root of T.

2. The number of permutations o € S,(132) such that mmp®**9 () = 0 equals the
number of rooted binary trees T € B, such that there is no node n of T whose left
subtree has size > k.

3 The function anl?))g ()

Throughout this paper, we Shall classify the 132-avoiding permutations ¢ = oy ...0, by
the position of n in o. Let Sy (132) denote the set of o € S,,(132) such that o; = n.

Clearly each o € sS4 (132) has the structure pictured in Figure 5. That is, in the graph
of o, the elements to the left of n, A;(0), have the structure of a 132-avoiding permutation,
the elements to the right of n, B;(0), have the structure of a 132-avoiding permutation,
and all the elements in A;(o) lie above all the elements in B;(0). As mentioned above, the
number of 132-avoiding permutations in .5, is the Catalan number C,, = nil( ) and the
generating function for these numbers is given by

0 —V1—4t 2
ZCt 2t 1+ V1—4t )

n>0

A(0)

B;(o)

Figure 5: The structure of 132-avoiding permutations.

Clearly,
0000) ZC;{;‘ 1—\/1—4.Tt

132 ) 2t
n>0



Next we consider §’;§’°’°>(t,x). If £ > 1, then it is easy to see that as we sum

over all the permutations ¢ in S\’ (132), our choices for A;(¢) will contribute a factor
of Q§’i§}1’§§°’“)( ) to anl(ég 0 (x), since each of the elements to the left of n will match the
pattern MM P(k, 0,0, ()) if it matches the pattern MM P(k—1,0,0,0) in the graph of A;(0),
and our choices for B;(o) will contribute a factor of QSC_’%%OQ) (x) to fo’l%g 0) (x) because the
elements to the left of B;(c) have no effect on whether an element in B;(c) matches the
pattern MM P(k,0,0,0). It follows that

kOOO) (k— 1000 k,0,0,0)
@ni32 ZQZ 1,132 iz 1,132 (). (4)

Multiplying both sides of (4) by ¢” and summing for n > 1, we see that

1+ QU0 (t, 2) = 1QU MV (1, ) QU0 (¢, ).

Hence for k& > 1,
1

Qli " (t.1) = - .
132 1 tQ%Q 1,0,0,0) (t,2)

Thus we have the following theorem.

Theorem 4.

— /1 —A4xt

(0,0,0,0) 1
t,x) = C(xt) =
132 ( {L') ( ) 2.Tt

and, for k >1,
1

1=t )

Theorem 4 immediately implies the following corollary.

k,0,0,0
Qg:zz )(t7 15) =

Corollary 3.

1
Qi " (1,0) = 7— (7)

and, for k > 2,
1

k—1,0,0,0 :
1 —tQV5 "0 (¢, 0)

k,0,0,0
Q§32 )(ta 0) =
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Thus one can easily compute that

2,0,0,0 11—t
G 0(t,0) = T o
(3,0,0,0) 1—2¢
1) = —
(4,0,0,0) 1—3t+t2
t0) = — T
132 (1,0) 14 1 32’
1 — 4t + 3¢?

(5,0,0,0)
t,0) =
(6,0,0,0) 1—5t+6t2—1¢3
t,0) = d
i (40) 1— 6t + 102 — 43"
1 — 6t + 1083 — 4¢3

1 —7Tt+ 15¢2 — 1083 + 4

7,0,0,0
§32 )(t O) =

By Corollary 1, Q%’ZO’O’O) (t,0) is also the generating function for Dyck paths whose maxi-
mum height is less than or equal to k. For example, this interpretation is given to sequence
A080937 in the OEIS, which is the sequence (Qﬁffg,go (0))n>0, and to sequence A080938

in the OEIS, which is the sequence (Q&%g 0) (0))n>0. However, similar interpretations are

not given to (Qg’fl%g D)(O))n>0 where k ¢ {5,7}. For example, such an interpretation is not

found for (Q7135°” (0))nz0. (Q4135” (0))nz0, (@S5 (0))nz0, or (Q4155” (0))nz0, which are

sequences A011782, A001519, A124302, and A024175 in the OEIS, respectively. Similarly,

by Corollary 2, the generating functlon Q§’§2° 0.0 (¢,0) is the generating function of rooted

binary trees 7" which have no nodes n such that there are > k left edges on the path from
71 to the root of T

We can easily compute the first few terms of Q%’;’O’O) (t,x) for small k using Mathematica
or Maple. For example, we have computed the following.

QU™ () =1+t + (1 +2) + (14 22 + 22) £ + (1 + 3z + 52 + 52°) ¢
(14 4z + 92% + 142® + 142*) £° + (1 + 5x + 142 + 282° + 422" 4 422°) 1° +
(14 6z + 202* + 482" + 902" + 1322° + 1322°) t" +

(14 7z 4 272% 4 752° + 1652" + 2972° + 4292° + 42927) ¢° +

(14 8z + 352® 4 1102® 4 2752 + 5722° + 10012° + 143027 + 14302°) ¢* +

Note in this case, it is quite easy to explain some of the coefficients that appear in the

polynomials inl(;,g 0)( ). That is, we have the following theorem.

Theorem 5. 1. Qg{i%g’o)(o) =1 forn>1,
2. QU (@)le =n—1 forn>2,
3. Qn11033 0)(55)|x2 =(3) =1 forn>3,

11



1,0,0,0
4. C27(1,132 )(37)

5. QU (@) g2 = oy forn > 2.

on-1 = Cph_q form >1, and

Proof. There is only one permutation o € S, with mmp®*%%(s) = 0, namely, 0 =
n(n—1)...1. Thus the constant term in QS’%S’O)(SL‘) is always 1. Also the only way to get
a permutation ¢ € S, that has mmp™®%®%(s) = n — 1 is to have o,, = n. It follows that
the coefficient of 2"~ ! in Qfll”l%’g’o) (x) is the number of permutations o € 5,,(132) such that
0, = n which is clearly C,_;. It is also easy to see that the only permutations o € S,,(132)

with mmp®?%9(5) = 1 are the permutations of the form

c=nn—1)...(i+1)(i—1)i(i—2)...21.

Thus the coefficient of x in Qﬁiﬁgm (x) is always n — 1.
For (3), note that we have Qgigf’o)(x)|$2 =2 = (3) — 1. For n > 4, let a(n) denote the

coefficient of 2 in Qg’fég’o) (z). The permutations o € S,,(132) such that mmp®*2%(g) = 2

must have either oy = n, 09 = n, or 03 = n. If o3 = n, it must be the case that {oy, 02} =
{n —1,n — 2} and that mmp*%% (g, ...0,) = 0. Thus oy4...0, must be decreasing, so
there are exactly two permutations o € S,(132) such that o3 = n and mmp™®%09 () = 2. If
0y = n, it must be the case that o; = n—1 and that mmp(:0-0:9) (03...0,) = 1. In that case,
we know that there are n—3 choices for o3 . . . 0,,, so there are n—3 permutations o € 5,,(132)
such that oo = n and mmp299(¢) = 2. Finally, it is clear that if oy = n, then we must
have that mmp*%%9 (g, ... 0,) = 2, so there are a(n — 1) permutations ¢ € S,(132) such
that o; = n and mmp»%%9(g) = 2. Thus we have shown that a(n) = a(n — 1) +n — 1
from which it easily follows by induction that a(n) = (}) — 1.

Finally, for (5), let 0 = 0y...0, € S,(132) be such that mmp®*09(g) = n — 2. We
clearly cannot have o, = n so that n and o,, must be the two elements of ¢ that do not
match the pattern MM P(1,0,0,0) in 0. Now if 0; = n, then B;(0) consists of the elements
1,...,n — 1. But then it must be the case that o, = n —i. Note that this implies that o,
can be removed from o in a completely reversible way. That is, ¢ — red(oy...0,-1) is a
bijection onto S, _1(132). Hence there are C,,_; such o. O

Gr00(tw) = 1+t + 22 + (4+ 2)° + (8 +4u + 20%) ¢4 +

(16 + 122 + 92% + 52°) t° + (32 + 322 + 302° + 242° + 142) t° +

(64 + 80 + 882” + 852° + T0z* + 422°) ¢7 +

(128 + 192z + 2402> 4 2642° + 258z* + 2162° + 1322°) ¢° +

(256 + 448z + 6242”4 7602° + 833z* + 8192° + 693z° + 4292") t? + - - -

Again it is easy to explain some of these coefficients. That is, we have the following
theorem.

Theorem 6. 1. Qﬁﬁgv‘”(()) =21 ifn >3,
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2. for m > 3, the highest power of x which appears in Qﬁ’%’g’o) (x) is x

QP (x)|gn-2 = Cpps, and

"2 and

3. Qn21033 0)($)’x = (n—2)2""3 forn > 3.

Proof. Tt is easy to see that the only o € S,(132) that have mmp?%%9(¢) = n — 2 must
have 0,1 = n —1 and o,, = n. Note that if 0,1 = n and o, = n — 1 then we have an

occurrence of 132 for n > 3. Thus the coefficient of 2"~2 in Qfl%g 0) (x)is Cp—g if n > 3.

The fact that Qfl%g 0)( ) = 2" for n > 1 is an immediate consequence of the fact
that Q@000 (¢,0) = {=L. In fact, this is a known result [5] since avoidance of the pattern
MMP(2,0,0,0) is equivalent to avoiding simultaneously the (classical) patterns 132 and
123. One can also give a simple combinatorial proof of this fact. Clearly it is true for n = 1.
For n > 2, note that o; must be either n or n — 1. Also, red(os...0,) must avoid the
pattern MM P(2,0,0,0). Since every permutation red(os .. .o,) avoiding MM P(2,0,0,0)
can be obtained in this manner in exactly two ways, once with o; = n and once with
0, =n — 1, we see that there are 2-2"2 = 2"~ such o.

The sequence (Qﬁf’gg’“) (2)]2)n>3 is the sequence

1,4,12,32,80,192,448, . . .,

which is sequence A001787 in OEIS, whose n-th term is a, = n2""!. Now a, has many
combinatorial interpretations including the number of edges in the n-dimensional hypercube
and the number of permutations in S, 2(132) with exactly one occurrence of the pattern

123. The ordinary generating function of the sequence is W’ which implies that

3
(2,0,0,0) B t
132 (tr)|s = T 9)

This can be proved in two different ways. That is, for any k > 2,

(k,0,0,0) (t x)‘ _ 1
132 ) 1_tQ1k 1000(,x) |ZE

- (o).

n>1
n s (k=1,0,0,0 n—1 (k—1,0,0,0
= QU (,0) QY (@),
n>1
= 1@21000) (t, )]s Z”tn 1@21070’0)(7570))”71- (10)
n>1

However

d 1
" M(k,0,0,0) t0 -
dtQ ( ) ) dt (1 B tQ(k;LD’O’O)(t, 0))

_ Z (thk 1000(70))71 (thk 1000(,0))

n>1
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so that

tiQ(k,O,O,O) (t,0) n ¢ (k—1,0,0,0 n—
d " (k—1,0,0,0) - Znt (Qg32 Y )(t,())) 1. (11)
dt (tQ132 o (tv 0)) n>1

Combining (10) and (11), we obtain the recursion

£4.QU000 (1 )

k,0,0,0 k—1,0,0,0
Q" (1, 0)l = Qigy O (1, 0) | —— T (12)
P (tQ132 T, 0))
But then )
t
1,0,0,0 n
532 )(t,x)|m = Z(” — " = (1—1)?
n>2
and 1 1—t
(1107030) (270,0,0) -
t = d t = .
132 (£,0) —; Qisy (t,0) 11—t
Thus
ti (2,0,0,0) (t O)
(2,0,0,0) _ ~(1,0,0,0) dt ;
12 (L2)]e = Qg (t,x)|x (1,0,0,0)
dt <tQ1 ( ) ))
d —
2 ()
(R
t3
= —. 13
(1 —2t)? (13)

We can also give a direct proof of this result. That is, we can give a direct proof of the
fact that for n > 3, b(n) = QP (2)]. = (n —2)2"3. Note that b(3) = 1 = (3 — 2)25~
and b(4) = (4—2)2*3 = 4 so that our claim holds for n = 3,4. Then let n > 5 and assume
by induction that b(k) = (k — 2)2*=3 for 3 < k < n. Now suppose that o € S,(f)(132) and
mmpZ009) = 1. If the element of ¢ that matches MM P(2,0,0,0) occurs in A;(c), then it
must be the case that mmp%%0(A;(c)) = 1 and mmp?®%9(B;(s)) = 0. By our previous
results, we have (i —2) choices for A;(0) and a(n —i) = 2”7~ choices for B;(c). Note that
this can happen only for 3 <1i < n — 1 so that such permutations contribute

n—1 n—3 n—4
D (i—2)2m = 232"“—22%—3 k)
1=3 j=1

to b(n). If the element of ¢ which matches MM P(2,0,0,0) occurs in B;(o), then it
must be the case that mmp®?%9(4;(0)) = 0 which means that A;(c) is decreasing and
mmp?2%9(B;(s)) = 1. This can happen only for 1 <4 < n — 3. Thus such permutations
will contribute

b(3)+---+bn—1)= nZ(z' —2)2073) = nz 2F(k 4+ 1)

14



to b(n). The only permutations that we have not accounted for are the permutations
o =01...0, € S,(132) where 0, = n and mmp?%%% (g, ...0,_;) = 1, and there are n — 2
such permutations. Thus

b(n) = (n—2)+i2k(n—3—k+k+l)

= (n—2)(1—|—i2k)
k=0
= (n—-2)(1+2"°-1)=(n—2)2"""

O

Problem 1. Comparing the sequence (foﬁ,,’g’o) ()] gn-3)n>1 With sequence A038629 in the

OEIS, it seems that Q,(f’l%g’o) (x)]gn-3 = Cp_g + 2C,,_3. Is this the case?

QU (b, x) = 14t + 202 + 5% + (13 + 2)t* + (34 + 62 + 22°) £ +
(89 + 252 + 132” + 52°) t° + (233 + 90z + 582” + 342° + 14a*) ¢™ +
(610 + 300z + 2222* 4 1582° + 98" + 422°) ¢° +

(1597 4 954 + 7832* + 628z° + 468z* + 3002 + 1322°) ¢ + - - -

The sequence (QS”O’O’O)(O))@O is sequence A001519 in the OEIS whose terms satisfy the
recursion a(n) = 3a(n — 1) — a(n — 2) with a(0) = a(1) = 1. That is, since Q%S’O’O) (t,0) =
%ﬁfﬁ, it is easy to see that for n > 2,

QP09(0) = 3Q:257(0) — Q.25 (0) (14)
with Q(()g’o’o’o)(O) = QP9 (0) = 1. This is a known fact [5], since the avoidance of the
pattern MM P(3,0,0,0) is equivalent to avoiding the six (classical) patterns of length 4
beginning with the smallest element plus the pattern 132. This is equivalent to simulta-
neously avoiding 132 and 1234 which is one of the combinatorial interpretations given to
sequence A001519 in the OEIS. We note that the OEIS also gives another combinatorial
interpretation of this sequence as the number of permutations o € S,,.; that avoid the
patterns 321 and 3412.

Problem 2. Can one give a combinatorial proof of (14)?

Problem 3. Do any of the known bijections between S,,(132) and S, (321) (see [5]) send
(132, 1234)-avoiding permutations to (321, 3412)-avoiding permutations? If not, find such
a bijection.

15



The sequence (Qg’l%g’o)(x)]m)nzz; is sequence A001871 in the OEIS, which has the gen-
erating function m The n-th term of this sequence counts the number of 3412-
avoiding permutations containing exactly one occurrence of the pattern 321.

We can use the recursion (12) to prove this. That is,

d 1(3,0,0,0
3000y oy 000 4y t4QB00)(1,0)

132 — 132 2,0,0,0
t3 ti ( 1-2t )

_ Udt \1-3t+¢2
o (1—2t)2 4ty
dt 1-2t
t4
T (1=3t—2) (15)

U0, ) =14t + 207+ 50° + 1481+ (41 + 2)t° + (122 + 8z + 202) 10 +

(365 + 422 + 172° + 52°) t7 + (1094 + 184z + 94a® + 442® 4 142) t* +
(3281 + 731z + 4312” + 2512° + 1262 + 422°) t* + - --

The sequence (Q®%%9 (¢, 0)),>1 is A007051 in the OEIS. It is easy to compute that

1 —3t+1¢2
1— 4t + 3t2
1 — 3t + ¢t
(1—1)(1—3t)

= 1+Z?’an+1t”.

n>1

QU000 (1,0)

Thus for n > 1, Q,(f’o’o’o)(O) = %, which also counts the number of ordered trees with
n — 1 edges and height at most 4.
The sequence (Q®%%9) (¢, 2)|,),>5, which is

1,8,42,184,731, ...,

does not appear in the OEIS. However, we can use the recursion (12) to find its generating
function. That is,

ti (4,0,0,0) (t, O)

4,0,0,0 3,0,0,0
i el = QY a)le—
dt (thsé’ 7 (t=0)>
d [ 1-3t+¢2
4 tar (1—4t+3t2>
_ 2)2 d t(1-21)
(1 3t+t) dt 1—3t+¢2

t5
(1 — 4t + 3t2)%
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4 The function Qnoﬁ),’g’o ()

Fix £k > 1. It is easy to see that as we sum over all the permutations o in S,(f)(132),

our choices for A;(c) will contribute a factor of Qlo?’fgg)( ) to Qn0103§ 0 (x) since neither n

nor any of the elements to the right of n have any effect on whether an element in A;(o)

matches the pattern MM P(0,0,%,0) in o. Similarly our choices for B;(o) will contribute

a factor of Qnoglf;;( ) to le()l%g (x) since neither n nor any of the elements to the left of

n have any effect on whether an element in B;(o) matches the pattern M M P(0,0,k,0) in

o. Note that n will contribute a factor of = to fof’l%;“ ’0)(x) if and only if k£ < q.

It follows that

k
OOkO OOkO 0,0,k,0 OOkO (OO,k,O)
n132 ) ZQZ 1132 iz i,132) )+ Z Qz 1132 Qn i3 (). (17)
i=k+1
Note that if i < k, Qloﬁ”f;; (x) = Cij_1. Thus
k
0,0,k,0 (0,0,k,0) 0,0,k,0 0,0,k,0
2132 (x ZCZ 1Qn 1132 () + Z QE 1132)( )Q7(1—1132)(x) (18)
i=k+1

Multiplying both sides of (18) by ¢" and summing for n > 1, will show that

= H{Co+Cit+ -+ Cot* QUM (¢ ) +

teQiz " (1, 2) Qi (t,2) = (Co + Cut + -+ + Crat™)),
Hence we obtain the quadratic equation

0=1— (=14 (t—ta)(Co+ Cit+ -+ Co 1 t" NQUI*O (¢ 2) 4+ ta(QI" (¢, x))2. (19)

(0,0,k,0)
_1+Q132 ( ,T)

This implies the following theorem.

Theorem 7. For k > 1,

ook Lt (= (S50 Op) — (1 (1 — (T G2 —
132 (t,z) = ot (20)
2

14 (x—t)(z“cta+\/1+ te — ) (4L Cit))? — dta

and
1

1— t(co + Clt + -+ Ck_ltkfl).

k) 7k7
Qi™(t.0) = (21)
By Corollary 1, Qﬁ%ﬁ +0) (t,0) is also the generating function of all Dyck paths that have
no interval of length > 2k and the generating function of all rooted binary trees T' such
that T has no node n whose left subtree has size > k.
It is easy to explain the highest power and the second highest power of x which occurs

n Q;?i%];’o) (z) for any k > 1.
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Theorem 8. 1. For all k > 1 and n > k, the highest power of x which occurs in
0,0,k,0 e 0,0,k,0
Quis () is 2"+ and Q)35 ()] = Cic and

2. QNN (@) s 1 = Cpr — Ch+2(n — k — 1)Cy_1.

Proof. For (1), it is easy to see that for any & > 1, the maximum number of M M P(0, 0, k,0)-
matches occurs in a permutation o = o0y...0, € S,(132) only when oy ...0; € S(132)
and og1 . ..o, is strictly increasing. Thus Qg’l%g’o)(xﬂxnfk =Cy forn > k+1.

For (2), suppose that k& > 3 and a,; = Qig’lo?;gﬂ)(x”xnfk—l where n > k + 1. Then
suppose that ¢ = o1...0,41 € S,;1(132) is such that mmp®%29(s) = n — k. Then if
Onse1 = n+ 1, we must have mmp(o’o’z’o)(al ...0,) =n—k —1so that we have a,,j choices
for oy ...0,. If 01 = n, then mmp®*29 (g, ... 0,,1) = n — k so that we have Cj_, choices
for oy...0p41. If 0, = n, then 0,11 = 1 and mmp®*29 (g, ...0,) = n—k so that we have
Cl_1 choices for o1 ...0,. If 0; = n where 2 < i < k, then o7 ...0;, cannot contribute to
mmp*%0 (5) so that mmp®2#*9 (g) = mmp@C*D (o 1. op) <n—i—k<n—k—1.
If o, =n wheren—k+1<n—1, then 0,,;...0,41 cannot contribute to mmp(%0:#:0) (o)
so that mmp®%%9 (o) = mmp@2*0 (g, ... 0;) <n—i—k <n—k— 1. Finally if 0; = n
where £k +1 <17 <n—k— 2, then

mmp(o’o’k’o)(a) = mmp®%k0) (o1...04) + mmp(o’o’k’o)(mH e Opi1)
< i—k+nt+l—i-k)=n+l-2%k<n—k—1

Thus it follows that for n > k + 1, a,,, satisfies the recursion
Api1k = Qp g T 2C)_1. (22)

In general, if n = k + 1, then there are Cy,; — Cy permutations in S,(132) avoiding
MMP(0,0,k,0), namely, those that do not have 0,1 = k+ 1. Using this as the base case,
we may solve recursion (22) to obtain that a,; = Cyy1 — Cr 4+ 2(n — k — 1)Cy_;. O

Again, we can easily use Mathematica to compute some examples of these generating
functions.

e Ot ) =1+t + 1+ ) + (1+ 3z +27) £+ (1+ 62 + 62 +2°) £ +

(14102 +202” 4+ 102° 4+ 2*) £* 4 (1 + 152 4 502% + 502> + 152" + 2°) ¢° +
(1+ 21z + 1052 + 1752° 4 105z* + 212° + 2°) 7 +

(14 28z 4 1962” + 490z® + 490z* + 1963 + 28z° + z7) t* +

(14 362 + 3362° + 11762° + 17642* + 11762° + 3362° + 362" + 2°) t” + - - - .

It is easy to explain several of the coefficients of QQ’&%’O’ (x). That is, the following hold.
Theorem 9. 1. Qﬁg’l%;’o)(O) =1 forn>1,
2. QSB%;’O) ()|gn-1 =1 forn > 2,
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3. QW ()], = (2) forn > 2, and

4- Qnol(;’); O (@) |2 = (5) forn > 3.

Proof. Tt is easy to see that n(n — 1)...1 is the only permutation o € S,(132) such
that mmp®®0 () = 0. Thus Q,(B’l%%’o)(O) = 1 for all n > 1. Similarly, for n > 2,
o =12...(n— 1)n is the only permutation in S,(132) with mmp(®%19(5) = n — 1 so that
Q% (@)1 =1 for n > 2.

To prove (3), let 09 =n(n—1)...(j+1)(j—1)...ij(i—1)...1forany 1 <i < j < n.
It is easy to see that mmp(®0L0) (507 )) = 1 and that these are the only permutations o in
S,,(132) such that mmp®%19(5) = 1. Thus Qn(]l%;o ()]s = () for n > 2.

For (4), we prove by induction that Qg)l%; 0 (2)]gn-2 = (3) for n > 3. Clearly the theo-
rem holds for n = 3,4. Now suppose that n > 5 and o € S,,(132) and mmp®*19(g) = n—2.
Then if o,, = n, it must be the case that o1 ...0,_; € S,_1 and mmp®®+0 (g, .. .0, 1) =
n — 3 so by induction we have (";1) choices for oy ...0,_1. If 0; = n, then it must be the
case that o0 = (n—k+1)...(n—1)nl2...(n—k) so that there are n — 1 such permutations
where o, # n. m

More generally, one can observe that 27 and 27! have the same coefficient in Qnolgé 0 ().

This will be proved later; see the discussion of (42).

G20t 2) =1+t + 202 + (3+20)8 + (5+ To + 207 t* +

(8 4 21z + 112* + 22%) £* + (13 + 53z + 492 + 152° + 22*) )t° +

(21 + 1242 + 1742% + 892° + 192* + 22°) 7 +

(34 4 273z + 54627 + 4112° + 1412* + 232° + 22°) 5 +

(55 + 577z + 15572% 4 1635z + 804z* 4 2052° + 272° + 2z7) ¢° + - --

We then have the following proposition.

Proposition 1. 1. Q,(B’l%’;’o(O) = F,, where F,, is the n-th Fibonacci number and

2. QUL (@) s = 3+ 4(n — 3).

(0,0,2,0)

Proof. In this case, we know that (i35’ (t,O) = 1—t(c(1)+clt) = l_tl_tQ, so the sequence

{Qn”f?,j (0 ) }n>0 is the Fibonacci numbers. This result is known [5], since the avoidance of
MMP(0,0,2,0) is equivalent to the avoidance of the patterns 123 and 213 simultaneously,
so in this case we are dealing with the multi-avoidance of the classical patterns 132, 123,
and 213.

The fact that Qg’loég’o) (x)|zn-3 = 3+ 4(n — 3) is a special case of Theorem 8. O

The sequence (Q;?’l%’g’o)(x)]x)nzg which is 2,7,21,53,124,273,577, ... does not appear
in the OEIS.
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G220t x) = 1+t + 20 + 56> + (9 + 5a)t* + (18 + 19z + 52%) £° +

(37 + 61z + 292° + 52°) t° + (73 + 188z + 1242”4 392° + 5a*) ¢
(146 + 523z + 50027 4 2072° + 492" + 52°)t° +
(293 + 1387z + 17952% + 10132° + 3102* + 592° + 52°)” +

In this case, the sequence {QnOI%S 0) (0)}r>0 is A077947 in the OEIS which also counts
the number of sequences of codewords of total length n from the code C' = {0, 10, 110, 111}.
The basic idea of a combinatorial explanation of this fact is not that difficult to present.
Indeed, a permutation avoiding the patterns 132 and M M P(0,0, 3,0) is such that to the
left of n, the largest element, one can either have no elements, one element (n — 1), two
elements in increasing order (n—2)(n—1), or two elements in decreasing order (n—1)(n—2).
We can then recursively build the codeword corresponding to the permutation beginning
with, say, 0, 10, 110 and 111, respectively, corresponding to the four cases; one then applies
the same map to the subpermutation to the right of n.

The sequence (Qflo,’l%g’o) (2)]2)n>4 which is

5,19,61, 188,532, 1387, ...
does not appear in the OEIS.

OOLO (¢, ) = 1+t + 20% + 51% + 14¢* + (28 + 142)t> + (62 + 562 + 142%)1° +

(143 + 188z + 842* + 142°)t" + (331 + 603z + 3072 + 1122° + 14z™)t® +
(738 + 1907z 4 145522 + 6082 + 140x* 4 14a®)t° + - .

Here neither the sequences (ng&’g’o)(O))nZl nor the sequence (Qg?i‘gé’o) (2)]2)n>5 appear

in the OEIS.

(0,%,0,0) 0,0,0,k
5 Qn 132 ( ) = Qg,mz )(37)
(0,k,0,0) (0,0,0,k)

Note it follows from Lemma 1 that Q, 75" ' (7) = @, 13, () for all k > 1. Thus in this

section, we shall only consider the generating functions QI%Qk 0.0 (t,z).

First we Con51der the case £ = 1. It is easy to see that as we sum over all the per-
mutations o in SV (132), our choices for A;(o) will contribute a factor of Qloi 5)302)( ) to

foffgg 0) (x), since neither n nor any of the elements to the right of n have any effect on

whether an element in A;(0) matches the pattern MM P(0,1,0,0) in . Similarly our
choices for B;(o) will contribute a factor of C,_;2"~* to Qnolgg 0) (x), since the presence of
n to the left of these elements guarantees that they all match the pattern MM P(0,1,0,0)

in 0. Note that n does not match the pattern MM P(0,1,0,0) in o. It follows that
Qi ( Z Q1 (@) Cria™ . (23)
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Multiplying both sides of (23) by ¢" and summing for n > 1 will show that

14+ Q%" (t,x) = 1Q\% (¢, ) C(tx). (24)
Thus 1
(0,1,0,0) 14 _
132 ( 9 ) 1 . tC(ta:)

which is the same as the generating function for Qé’go’o’o) (t,x).
Next suppose that k > 1. Again, it is easy to see that as we sum over all the per-
mutations o in SY (132) our choices for A;(c) will contribute a factor of Qlo’ff?g)( ) to

nggg ) (x), since neither n nor any of the elements to the right of n have any effect on

whether an element in A;(0) matches the pattern MM P(0,k,0,0) in 0. Now if i > k, then
our choices for B;(o) will contribute a factor of C,,_;z"" to Qnollgg ) (x), since the presence
of n and the elements of A;(0) guarantee that the elements of B;(o) all match the pattern
MMP(0,k,0,0) in o. Howevelr7 if i < k, then our choices for B;(o) will contribute a factor
of Qq(lolg; 00) ( ) to Qnollgg (z) since the presence of n and the elements of A;(o) to the left
of n element guarantees that the elements of B;(c) match the pattern MM P(0, k,0,0) in
o if and only if they match the pattern MM P(0, k —1,0,0) in B;(c). Note that n does not
match the pattern MM P(0, k,0,0) for any k£ > 1. It follows that

k0, k, Jk—1, K, n—i
Quin” (1) = Z QU (@)@ 5 " () + Z Q11 (@) Cria”
0,k—1,0,0) 0,k,0,0 —i
= Z CZ’*IQSL—@L‘Q + Z QE 1 132) Criz™™". (25)
i=1

Here the last equation follows from the fact that QZ(-O_’f’fég) (x) = C;—y ifi < k—1. Multiplying
both sides of (25) by " and summing for n > 1 will show that

— 1+ QR0 x)
k—1

= tZCz QT (k) + 10 () Q15 (1 ) — (Co+ Cit + -+ + Gyt ™2)).

Thus we have the following theorem.

Theorem 10. 1
(0,1,0,0)
—_— . 26
Q132 ( ) ) 1 — tC(tiE) ( )
For k> 1,
- i ~(0,k—1—4,0,0
(o,k,o,o)(t 7) = 1+ tZ?:S Cit'( §32 ’ )(ta r) — C(tz)) (27)
B2 1—tC(tx)
and k—2 (0,k—1—34,0,0)
LT+t 0t Q5 ~ 777 (t,0) —1
g(:))),Qk,O,O) (t, 0) _ Z]—O J ( 132 ( ) ) ‘ (28)

1-1
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Then one can compute that

OL0O¢ 0) = ﬁ;
G000 - T
Oa20(1,0) = 1—215;r1 2_151; t3—t4;
— 2 _ 43 4 545 6
5 "0(t,0) = 1— 3t + 4t (175_4;)?;15 5 2A

1 — 4t + 7t2 — 5t3 + 4t* + 6¢° — 216 + 187 — 5¢8
(1—1t) '

0,5,0,0
§32 )(t, 0) -

We can explain the highest coefficient of z in Q%O’k’o’o) (x) for any k£ > 1.

Proposition 2. For all k > 1, the highest power of x that occurs in Q%o,k,o,o) (z) is "k

and QW0 ()] gnr = CpChi.

Proof. 1t is easy to see that to obtain the largest number of matches of M M P(0, k,0,0) for
a permutation o € S, (132), we need only arrange the largest k elements n,n —1,...,n —
k 4+ 1 such that they avoid 132, followed by the elements 1,...,n — k under the same
condition. Thus the highest power of x that occurs in ng’k’o’o)(x) is "% and its coefficient
is Ck(]n_k ]

Again we can use Mathematica or Maple to compute the first few terms of the generating

function Qi%’f’o’o) (t,x) for small k. Since Qg%’;’o’o) (t,x) = Q%’QO’O’O) (t,x), we will not list that

generating function again.

QU0 (t,x) =1+t + 262 + (34 22)t° + (4 + 62 + 422) t +

(54122 4+ 152° + 102°) ¢* + (6 + 20z + 362” + 422° + 282") ¢° +

(7 + 302 + 702% 4 1122° + 1262* + 842°) t7 +

(8 + 42z + 1202” + 2402° + 3602" + 3962 + 2642°) t° +

(9 + 562 + 1892 + 4502° 4 825x* + 11882° + 12872° + 858z7) ¢ - - -

The only permutations o € S,(132) such that mmp(®2%%(g) = 0 are the identity
permutation plus all the adjacent transpositions (i, i+1) which explains why Q,&O’Q’O’O) (0)=n
for all n > 1. This is a known result [5] since avoiding M M P(0,2,0,0) is equivalent to
avoiding simultaneously the classical patterns 321 and 231. Hence in this case, we are
dealing with the simultaneous avoidance of the patterns 132, 321 and 231. The sequence

( 7(1072’0’0) (m) |$n,3 )n237 Wthh iS

3,6,15,42,126, 396, 1287, .. .,

22



appears to be sequence A120589 in the OEIS which has no listed combinatorial interpre-
tation.

00t ) = 14t + 2% + 56% + (9 + 52)t* + (14 + 182 4 1022)) £° +

(20 + 422 + 452” + 252°) t° + (27 + 80z + 1262” + 126x° + 702*) ¢t +
(35 + 135z + 2802 + 392z + 378z* + 2102°) t* +
(44 4 210z + 5402 + 960z + 12602" + 10882° + 6602°) ¢ + - - - .

00t ) = 14 ¢+ 20% 4 5% + 148% + (28 + 142)t° + (48 + 562 + 282%) 1° +

(75 + 144z + 140z* + 702%) t* + (110 4 300z + 4322” + 392z® + 1962*) t° +
(154 + 550z + 10502* 4 13442° + 11762 + 5882°) t +

The sequences {Qu**(0) uz1, (@07 (@)l Jnza, (@87 (@)|an-)nza, QN7 (O)}nzr,
and {Q (0:4,00) ( )|z }n>5 do not appear in the OEIS.

6 The function anl?,)f 0) (z)

Note that the pattern MM P(k,0,0,0) is a generalization of the number of left-to-right
minima statistic (which corresponds to the case k = 0).

First we compute the generating function for Qgﬁg’o)(m) which corresponds to the
elements that are both left-to-right minima and right-to-left maxima. Consider the %Der—

mutations o € 5,(132) where o7 = n. Clearly such permutations contribute ang? 010122

to Qg)l%g 0 (). For i > 1, it is easy to see that as we sum over all the permutations o in

S (132), our choices for A;(o) will contribute a factor of C;_; to Qn@&g 0)(56) since the pres-

ence of n to the right of these elements ensures that no point in A;(o) matches the pattern
MMP((,0,0,0). Similarly, our choices for B;(c) will contribute a factor of Q;w_g?g(x)

to Q,f)l%g 0 (x) since neither n nor any of the elements to the left of n have any effect on
whether an element in B;(c) matches the pattern MM P((,0,(,0) in o. Thus

0,0,0,0 @0@0 (0,0,0,0
ngsz )(I) = 2@’y 13% )+ Zcz 1Qn 1132) (@). (29)
Multiplying both sides of (29) by t" and summing over all n > 1, we obtain that

1+ QW0 (t, 2) = Q"0 (1, 2) + tQ\5 " (1, 2) (C(t) — 1). (30)

Thus we have the following theorem.
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Theorem 11.

(8,0,0,0) 1
t = 31
132 ( ,x) 1—tx+t—tC’(t) ( )

and

(0707@70) 1
t,0) = ——— . 32
w2 (10) 1+t —tC(t) (32)

One can compute that

o000y =1+ at + (1+22) 2+ (24 20+ 2°) £ + (6 + 4o + 32> + o) #* +

(18 4 13z + 62° 4 42® + 2°) t° + (57 + 40z + 212? + 82° + ba* + 2°) t° +
(186 + 130z + 662> + 30z° + 102* + 62° + z7) t7 +

(622 + 432z + 2202” + 962° + 402 + 122° + 72° + 2°) t° +

(2120 + 14662 + 7442” + 328z® + 1302" + 512° + 142° + 82" + 2°) t7 4 - - -

Clearly the highest degree term in fo’gg 0 (x) is ™ which comes from the permutation

n(n —1)...21. Similarly, the coefficient of "2 in Qn(ol%g 0) (x) is n — 1 which comes from

the permutations n(n —1)... (i +3)(i+2)i(i +1)(i —1)(: —2)...21 fori=1,...,n — L.
The sequence (QU%5”(0)),>1 is the Fine numbers (A000957 in the OEIS). The Fine
numbers (F,,),>o can be defined by the generating function

1—4t
DR =
1 —4t
It is straightforward to verify that
I—v1—4t 1+V1—-4t 1
—VI—4t 1+1—4t 1+t—tC(t)

[F,, counts the number of 2-Motzkin paths with no level steps at height 0; see [2, 3]. F,, also
counts the number of ordered rooted trees with n edges that have root of even degree.
The sequence (Qﬁ?l%g 0)(m)|x)n21 is A065601 in the OEIS, which counts the number of Dyck
paths of length 2n with exactly one hill.

Problem 4. Find simple bijective proofs for the last two facts.

Next we compute the generating function for fo’l%f 0) (x). First consider the permuta-

tions o € S5 (132). Clearly such permutations contribute zQ'" 01013?2( ) to Qnol%g 9(z). For
1> 1, it is easy to see that as we sum over all the permutations o in Sn (132), our choices

for A;(o) will contribute a factor of QZO??;)Q( ) to nglg,g 0 (x) since neither n nor any of
the elements to the right of n have any effect on whether an element in A;(0) matches the
pattern MM P(0,0,(,0) in o. Similarly, our choices for B;(o) will contribute a factor of
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Qf?;%;?gf’ﬁ (z) to Qnol%g )( ) since neither n nor any of the elements to the left of n have any
effect on whether an element in B;(c) matches the pattern MM P(0,0,(,0) in o. Thus

00(2)0 OO@O 00(2)0 OO(Z)O
QU (@) = 2Q% N (x +Z@“g QU (). (33)

Multiplying both sides of (33) by t" and summing over all n > 1, we obtain that

OOQ)O 0000 0000 0,0,(Z),O
14+ Q%" (t,x) = taQ " (1, 2) + Q%" (1, ) (QG " (t,2) — 1), (34)

so that
0=1+Qu ¢ o)(tw —t — 1) + t(QU" (¢, 2)).
Thus
0000y 4y LHt=t0) = VO +T-t) —df

2t
Next we compute a recursion for anlgg 0 (x) where k > 1. Tt is clear that n can never

match the pattern MM P(k,0,0,0) for k > 1 in any o € S,(132). For ¢ > 1, it is easy

to see that as we sum over all the permutations o in Sy(f)(132), our choices for A;(0) will

contribute a factor of Qgﬁ;}l’gﬁ@ ) (x) to anlgg (x) since none of the elements to the right of

n have any effect on whether an element in A;(c) matches the pattern MM P(k,0,,0) and
the presence of n ensures that an element in A;(0) matches MM P(k,0,(,0) in o if and only

if it matches MM P(k — 1,0, 0, ()) in A;(o). Similarly, our choices for B;(c) will contribute

a factor of an(;?;?( ) to Qﬁk&g (x) since neither n nor any of the elements to the left of

n have any effect on whether an element in B;(o) matches the pattern MM P(k,0,0,0).

Thus
kO(i)O (k— 100)0 k,0,0,0
@132 Z Qz 1,132 fz 1,132) (@). (35)
Multiplying both sides of (35) by " and summing over all n > 1, we obtain that
(0,0,0,0 (k—1,0,0,0) k,0,0,0
~14 Qi " (1 2) = 1@ M (1, 0) Qi (1, ). (36)
Thus we have the following theorem.
Theorem 12. \/
0,0,0,0 (1 ‘I— t— tl’) — (1 ‘I— t— tl’)Q — 4t
§32 )(ta T) = o1 : (37)
For k> 1,
U0t x) = ! . (38)
o - Q5 "t )
Thus )
0,0,0,0
§32 )(t, 0)=1
and for k > 1,
£,0,0,0 1
i (£,0) = (39)

1—tQ1k 1,0,0,0) (t,O)
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Next we consider the constant term and the coefficient of of = in Q(kl(;g 0)(:1:) for k> 1.

Proposition 3. For all k > 1,
k,0,0,0 %,0,0,0
§32 )(t70) = Qgsz )(t,()).

Proof. Note that Qll 0.0.0) (t 0) = = Qll 0.0.0) (¢,0). If we compare the recursions (39)

and (8), we see that we have that Qlkowo)( t,0) = Q1§20 00) (¢,0) for all & > 1. This fact is
easy to see directly. That is, suppose that o € S,,(132) has a MM P(k,0,0,0)-match. Then
it is easy to see that if ¢ is the smallest ¢ such that o; matches MM P(k,0,0,0) in o, then
there can be no j < i such that o; < o; because otherwise, o; would match MM P(k,0,0,0).
That is, o; is also a MM P(k,0,0,0)-match. Thus if o has a MM P(k,0,0,0)-match, then
it also has a MM P(k,0,(),0)-match. The converse of this statement is trivial. Hence the
number of ¢ € 5,,(132) with no MM P(k, 0, 0,0)-matches equals the number of o € S,,(132)
with no MM P(k,0,0,0)-matches. ]

The recursion (38) has the same form as the recursion (6). Thus we can use the same
method of proof that we did to establish the recursion (12) to prove that

t d M (k,0,0,0) (t, 0)

(k,0,0,0) — Ok=1,0,0,0)(;
Q (t,2)]. = Q (t,x )|zdtQk S0 (T.0)" (40)
For example, we know that
Q(l,o,(z),()) (t,z)|, = Q(O,O,LO)(t 2)|e = Z n o 2 ‘ (41)

Since Q*020) (¢ 0) = QW00 (¢ 0) for all k > 1, one can use (40) and Mathematica to
show that

t3
(2.0,0,0) (4 _
Tl = g
(3,0,0,0) t!
000t )], = ,
@ (t,z)] (1—1t)(1— 3t +1¢2)?
t5
(4,0,@,0) t — d
Dl = GEa e O
tﬁ

(5,0,00) (4 _ .
QU = AT pa T reE—ae

We also have the following proposition concerning the coefficient of the highest power

of z in QW (z).

Proposition 4. For all k > 1, the highest power of x appearing in anlgg 0 (x) is a™

for alln >k, QU ()] pnr = 1.

- and
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Proof. 1t is easy to see that for any k > 1, the permutation o € S,,(132) with the maximal
number of MM P(k,0,(,0)-matches for n > k + 1, will be of the form (n — k)(n — k —
1)...21(n — k+ 1)(n — k + 2)...n. Thus the highest coefficient x* that will appear in

Qﬁf’&g’ 0) (z) will be "%, with coefficient 1. u

Using Theorem 12, one can compute that

G0t 2) =1+ ot +o(1+ )2 + 2 (1+ 3z +2) £ + o (1+ 62+ 62° +2%) ¢! +

(14 10z + 202® 4 102° + 2*) t° + x (1 + 152 4 502> + 502° + 152" + 2°) 1° +
z (14 21z + 1052% + 1752% + 105z* + 212° + 2°) 7 +

z (1 + 28z 4 1962 + 4902° + 4902" + 1962 + 282° + z7) t° +

(1 + 36z + 3362° + 11762° + 17642* + 11762° + 3362° + 362" + 2%) " + - - - .

If we compare ngg’go’w’o) (t,x) to Qﬁ%ﬁ*lm (t,x), we see that for n > 1,
0,0,0,0 0,0,1,0
Q1(1,132 )(x) = mQi,mz )(x) (42)

Note the fofg’g’o) () has an obvious symmetry property. That is, the following holds.

Theorem 13. For alln > 1,
n 0,000 [ 1 0,0,0,0
z +1@51,132 ) (;) = C»27(1,132 )(37>

Proof. Since the distribution of occurrences of the pattern MM P(0,0,(,0) is the same as
the distribution of the statistic the number of left-to-right minima, and the distribution of
occurrences of MM P(0,0,1,0) is the distribution of the statistic the number of non-left-
to-right minima, this shows that the statistics the number of left-to-right minima and 1 +
the number of non-left-to-right minima are equidistributed on 132-avoiding permutations.
Actually, this proves a more general claim, namely, that on S,(132), the joint distribu-
tion of the pair (M MP(0,0,0,0) — 1, MM P(0,0,1,0)) is the same as the distribution of
(MMP(0,0,1,0), MM P(0,0,0,0) — 1), which often is not the case, but is here because the
sum MMP(0,0,0,0) + MMP(0,0,1,0) applied to a permutation equals the length of the
permutation. That is, if we let

Rn(x7 y) - Z Immp(o’o’@’o)(U)ymmp(o’o’l*O)(a)’ (43)

O'ES'!L(132)

then this shows that yR,,(z,y) is symmetric in x and y for all n.

We shall sketch a combinatorial proof of this fact. First we construct a bijection T
from S,,(132) onto S5,,(123) that will make the fact that yR, (z,y) is symmetric apparent.
Ifo=01...00, €S, and 7 =71,...75 € 5, then we let

o@®T=01...00(k+7)...(k+m)
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and
0’@7':(£—|—0'1)...(€—|—0'k)7‘1...7'g.

Then |J,, S,(132) is recursively generated by starting with the permutation 1 and clos-
ing under the operations of 0 © 7 and o @ 1. Then we can define a recursive bijec-
tion T : |, S»(132) — U, S»(123) by letting T'(1) = 1, T(c ©7) = T(0) © T(7), and
T(oc® 1) =X (T(0)), where X (o) is constructed from o as follows.

Take the permutation o € S,(123) and fix the positions and values of the left-to-right
minima. Append one position to the end of o, and renumber the non-left-to-right minima
in decreasing order. For example, if 0 = 4762531, then 4, 2, and 1 are the left-to-right
minima. After fixing those positions and values and appending one position, the permuta-
tion looks like 4xx2xxlx. Then we fill in the x’s with 8, 7, 6, 5, 3, in that order, to obtain
48726513. The map X is essentially based on the Simion-Schmidt bijection described in [5].

It is straightforward to prove by induction that if T(c) = 7, then o; matches the pat-
tern MM P(0,0,0,0) in o if and only if 7; matches the pattern MM P(0,0,0,0) in 7. That
is, the map T preserves left-to-right minima. Note that if o; does not match the pattern
MMP(0,0,0,0) in o, then it must match the pattern MM P(0,0,1,0) in 0. Thus it follows
that

@900 (0)  mmp(0:0:1,0) (&
Rilog) = 3 et
0€S,(132)

Z xLRmin(U)ynon—LRmin(a)

0€S,(123)

where LRmin(o) is the number of left-to-right minima of ¢ and non-LRmin(c) = n —

LRmin(o).
Next observe that specifying the left-to-right minima of a permutation o € S, (123)
completely determines o. That is, if 0y > 04, > --+ > 0;, are the left-to-right minima of

o, where 1 < iy < --- <1, < n, then the remaining elements must be placed in decreasing
order, as in the map X, since any pair that are not decreasing will form a 123-pattern with
a previous left-to-right minimum. This means that X : S,,(123) — S,+1(123) is one-to-
one, and since LRmin(X (¢)) = LRmin(¢) and non-LRmin(X (¢)) = 1 + non-LRmin(o), it
follows that ) )
YR (2,y) = Z xLRmm(X(a))ynon—LRmm(x(o))‘

0€Sn(123)

But it is easy to see that for any permutation X (o), reversing and then complementing
X (o), which rotates the graph of X (o) by 180° around its center, produces a permutation
of the form X (7) for some 7 € S,,(123) such that LRmin(X(0)) = non-LRmin(X (7)) and
non-LRmin(X (0)) = LRmin(X (7)). Thus

Z xLR,HliH(X(J))yHOH—LRHIiH(X(J))

0€Sn(123)
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is symmetric in z and y. Hence, yR,(x,y) is symmetric in  and y. Thus, if r and ¢
are the reverse and complement maps, respectively, then Y : S,(132) — S,(132) given
by V(o) = T7' X 'rcXTo is a bijection that swaps the statistics mmp(0,0,0,0) — 1 and
mmp(0,0,1,0). O

One can compute that

GO0t x) = 1kt + (L4 2)2 + (1+ 3z +2%) £ +

(14 6z + 62° + 2°) t* + (1 + 10z + 20z” + 102° + 2*) ¢* +
(1+ 152 + 502° + 502° + 152" 4 2°) t° +

(1+ 21z +1052% + 1752° 4+ 1052* + 212° + 2°) " +

(14 28z + 1962” + 490z° + 490z* + 1962° + 282° + «7) t° +
(

1+ 36z + 3362” 4 11762° + 1764z + 11762° 4 3362° + 362" + 2°) t7 + - --
One can observe that Q%’S’Q’O) (t,x) = Q%’Svlm (t,xz). We provide here a combinatorial
proof of this fact. Actually, we will prove a stronger statement that we record as the
following theorem.

Theorem 14. The two pairs of statistics (MM P(1,0,0,0), MM P(0,0,1,0)) and
(MMP(0,0,1,0), MM P(1,0,0,0)) are equidistributed on S,(132). That is, there are as
many permutations in S, (132) with k occurrences of the pattern MMP(1,0,0,0) and

¢ occurrences of the pattern MM P(0,0,1,0) as those with k occurrences of the pattern
MMP(0,0,1,0) and £ occurrences of the pattern MM P(1,0,0,0).

Proof. We will construct a map ¢ on U, S, (132), recursively interchanging occurrences of
the involved patterns. The base case, n = 1, obviously holds: ¢(1) := 1 and neither of the
patterns occurs in 1.

Assume that the claim holds for 132-avoiding permutations of lengths less than n, and
consider a permutation © € S,(132) such that 7 = mnm and each letter in m, if any, is
larger than any letter in mo. Consider two cases.

Case 1. m is empty. In this case, we can define ¢(7) := np(m). Since n is neither an
occurrence of MM P(1,0,0,0) nor an occurrence of MM P(0,0,1,0). We get the desired
property by the induction hypothesis.

Case 2. 7 is not empty. Note that n is an occurrence of the pattern MM P(0,0,1,0),
and because of n, each left-to-right minimum in 7 is actually an occurrence of the pattern
MMP(1,0,0,0). Further, each non-left-to-right minimum in 7; is obviously an occurrence
of the pattern MM P(0,0,1,0). We now let ¢(m) := (Y (red(m)) ® 1) © p(me) where Y,
@, and © are defined while proving combinatorially (42), which deals with the equidis-
tribution of the statistics MM P(0,0,0,0) — 1 and MMP(0,0,1,0). Indeed, p(ms) will
interchange the occurrences of the patterns by the induction hypothesis. Also, assuming
that mn has k occurrences of the pattern MM P(1,0,0,0) and ¢ occurrences of the pattern
MMP(0,0,1,0), Y(red(m)) @ 1 will have ¢ occurrences of the pattern MM P(1,0,0,0)
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and k occurrences of the pattern MM P(0,0, 1,0) (because n will stay an occurrence of the

pattern MM P(0,0,1,0)).
[l

One can compute that

OO0, 0) =1+t + 202 + (4 + 2)° + (84 5z + 2) t* + (16 + 172 + 82 + 2°) £7 +
(324 492 + 382° + 122° + 2*) % + (64 + 1292 + 1412° + 772° + 172" + 2°) " +
(128 + 321z + 4532% + 3612* + 1432* + 232° + 25) 5 +

(256 + 769z + 13262” + 13992° 4 834x" 4 2472° 4 302° + 27) 17 4 - - -

The sequence (fo’l%’g’o) (2)]2)n>4 is sequence A000337 in the OEIS, whose n-th term is

(n—1)2" + 1. Thus Qg’&g’o)(xﬂz = (n —4)2"3 + 1 for n > 4. One further can compute
the following functions.

GOVt x) = 1+t 422 + 56> + (13 + 2)t* + (34 + Tz + 2) £ +
(89 4 32z + 102” + 2%) t° + (233 4 1222 + 592 + 142° + 2*) ¢7 +
(610 + 422z + 2722% + 1062” + 192" + 2°) t* +
(1597 + 1376 + 1090z* + 5912° + 182" + 252° + 2%) ¢* + - - .

GO (4, 0y = 14+t + 2% + 5% 4+ 14t + (41 + 2)° + (122 + 92 + 22) © +

(365 + 51z + 122° + 2®) 7 + (1094 + 235z + 842® + 162° + ) t* +
(3281 + 966z + 4542” + 1392° + 21a* + 2°) 7 + - - - .

COBO (1 2y = 141+ 262+ 563 + 1448 + 4207 + (131 + 2)t0 + (417 + 11z + 22) 7 +

(1341 + 74z + 142® + 2°) t* + (4334 + 396z + 1132” + 182° + ) t7 + - - -

The second highest power of x that occurs in Qﬁ[‘jﬁf 0) (z) is 2" %71, Our next result will
show that Qﬁﬁ%g ) (x)|zn-r-1 has a regular pattern for large enough n. That is, we have the

following theorem.

Theorem 15. Forn >3 and k > 1,

Q(k70>®70)
ntk—1,132

oz = 2(k — 1) + (Z) (44)

Proof. Note that QU000 (¢ ) = Q%10 (¢ 2) and by Theorem 9, we have that

QSS’&;’O) ()]4n—2 = (3). Thus the theorem holds for k = 1.
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By induction, assume that Qn’ﬁ@ (1))132 w2 =2(k — 1) + (}). We know by (35) that

n+k
(k+1,0,0,0) (k,0,0,0) (k+1,0,8,0)
Q32 (z) = Z QiZ1152 ( )Qn+k7i,132 (@). (45)
=1
Note that for 2 < i < n—k—2, the highest coefficient of x in Qfﬁrkl’g’?g(x) ig pntk—iz(l) =
2"~ However the highest coefficient of x in sz? 00 () is xz 2 5o that the only terms

on the RHS of (45) that can contribute to the coefficient of 2" 2 isi =1, i =n—k— 1,
and ¢ = n — k. By Proposition 4, we know that

k+1,0,0,0 k,0,0,0
Q’El+k‘71,].3%<x)|1'n72 =1= Q£1+k72,)132(x)|$"*2

so that the i =1 and i = n — k — 1 terms in (45) contribute 2 to Q&Tk{’l%g’o)(xﬂxnfz. Now
the i = n + k term in (45) contributes
n—2 — 2(k - 1) + (Z)

k+1,0,0,0 n
Qiu:rk,lsz )($)|x”*2 =2k + (2>

(k,0,0,0)
Q- 1132( )

(k+1,0,0,0)
to Qn+k 132 ( )|an-2. Thus

]

The sequences (Q\15"” ()]:)nza, (435" (@)]e)nzs, and (@13 ()])nzs do not ap-
pear in the OEIS.

7 The function anlogg 0 ()

First we compute the generating function for Qnmfgg ) (x). Observe that n will always match

the pattern MM P(,0,0,0) in any o € S,,. For i > 1, it is easy to see that as we sum over
all the permutations o in 57(11)(132), our choices for A;(o) will contribute a factor of C;_; to

thb@l%g 0)( ) since the presence of n to the right of an element in A;(o) ensures that it does

match the pattern MM P(,0,0,0) in o. Similarly our choices for B;(¢) will contribute a

factor of Q,?OZ%JQ( ) to Qn@fgg 0) (x) since neither n nor any of the elements to the left of
n have any effect on whether an element in B;(o) matches the pattern MM P((),0,0,0).
Thus

$,0,0,0) 0,0,0,0)
ng,132 =7 Z Ci —lem i 132 (@). (46)
Multiplying both sides of (46) by ¢" and summing over all n > 1, we obtain that
(0,0,0,0 0,0,0,0
~1+ Qi "t 2) = t2C(t) Qi " (1, ), (47)
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so that )
(9,0,0,0)

t =
iz (4 1 — tzC(t)

Next suppose that k& > 1. In this case n in ¢ € Sf(f)(132) will match the pattern
MMP(D,0,k,0) in o if and only if i > k. For i > 1, it is easy to see that as we sum over
all the permutations o in Sy(f)(132), our choices for A;(c) will contribute a factor of C;_4

fo’l%;“ (x) since the presence of n to the right ensures that none of these elements will
match the pattern MM P((Z) 0, k,0). Similarly, our choices for B;(o) will contribute a factor

of anollfg(;( ) to anl%]; (x) since neither n nor any of the elements to the left of n have
any effect on whether an element in B;(0) matches the pattern MM P(,0, k,0). Thus

@ 0,0, (0,
Za QPO (@) + 2 Z Ci QYN (). (48)

i=k+1

Multiplying both sides of (48) by ¢" and summing over all n > 1, we obtain that

14+ QU —thtf )QUs (1, x) + ot (C(t) = Y Cptf).  (49)

Thus we have the following theorem.

Theorem 16. 1
(9,0,0,0)
- 50
Q132 ( ) ) 1 —tZEC(t) ( )
For k> 1,
(0,0,5,0) 1
t,x) = . o1
O S T - o ) o
and

1
090 (1,0) = SO (52)

Proposition 5. Qlwom (t,0) = QLR (¢t 0) for all k > 1.

Proof. The proposition follows immediately from Theorems 7 and 16. That is, we have

0,0,k,0 1 0.0,k,0
QY (t,0) = S 0(t,0).

1_t(z’“ct>

This fact is easy to see directly. That is, suppose that ¢ = oy...0, € S,(132) and o
contains a MM P(0,0,k,0)-match. Then it is easy to see that if 7 is the largest such
that o; matches MM P(0,0,k,0), then there can be no j > i such that o; > o; because
otherwise, o; would match MM P(0,0,k,0). Thus if o has a MM P(0,0, k,0)-match, then
it also has a MM P(0,0, k,0)-match. Again, the converse is trivial. Hence the number of
o € S,(132) with no MM P(0,0, k, 0)-matches equals the number of o € S,,(132) with no
MMP(0,0, k,0)-matches. O
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One can compute

%’S’O’O) (t,z) =1+at+ (x4 2%) * + (204 22> + 2°) t* + (52 + 5a® + 32° + 2*) ¢* +

(142 + 142” + 92° + 42 + 2°) t° + (422 + 422° + 282° + 14a* + 52° + 2°) ¢° +
(1322 4 1322% 4 902° + 48z* + 202° + 62° 4 z7) ¢ +

(4292 + 4292® + 2972® + 1652* + 752° + 272° + 72" 4 2°) t* +

(1430z 4 14302° + 10012® + 5722 + 2752° + 1102° + 3527 4 82% +2°) 7 + - - - .

Recall that Q5% (¢, 2) = #(m) so that Q{4200 (tx, 1) = 52’20’0’0) (t,x). This can
easily be explained by the fact that every o;, 1 <14 < n, matches either MM P(1,0,0,0) or
MMP(0,0,0,0).

One can then compute the following.

BVt ) =1+t + (1+ ) + (1 +42)8* + (1+ 120 +2%) t +

(1+ 342 + 727) £ + (1 + 98z + 322° + 2%) t° 4 (1 + 294z + 1242® 4 102°) t" +
(14 9192 + 4482° + 61 + ) t* + (1 + 2974w + 15762 + 298z° + 132*) t7 + - - - .

In this case, it is easy to see that the only o € S,(132) that avoids the pattern
MMP((,0,1,0) is the strictly decreasing permutation. Thus Qg’&;’o)(()) =1foralln >1.
It is also easy to see that the permutation that maximizes the number of matches of

MMP(0,0,1,0) in Ss,(132) is (2n — 1)(2n)(2n — 3)(2n — 2) ... 12 which explains why the

highest power of z in QQ?L 131)20) () is 2™ which has coefficient 1. More generally, one can

see that the permutations that maximize the number of matches of M M P(0,0,k—1,0) in
Skn(132) are the permutations of the form

T(”)(kn)T("*l)(k(n — 1))7'("*2)(16(71 —2)).. TWE,

where for each i = 1,...,n, 7% is a permutation of (i — 1)k +1,..., (i — 1)k + k — 1 which

avoids 132. It follows that the highest power of z occurring in Q,ﬁlolggo (x) is ™ which

occurs with a coefficient of C}_;.

It is also not difficult to see that the highest power of z in Q;flil ?;2( ) is ™ which has
the coefficient 3n 4 1. That is, we can get a coefficient of 2" in a o € 5,,(132) by taking

(2n+1)(2n —1)(2n)(2n — 3)(2n — 2)...12,
(2n—1)2n)(2n+1)(2n —3)(2n —2)...12, or
(2n)(2n —1)(2n+1)(2n —3)(2n — 2)...12,

or starting with (2n)(2n + 1)7 where 7 € Sy,_1(132) which has n — 1 occurrences of
MMP(0,0,1,0).
The sequence (Qﬁff’l%’;’o) (2)]2)n>2 seems to be A014043 in the OEIS which has the gen-

: : 1-22v/1—4z
erating function 522(1-2) -
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G20 () =1+ 1+ 262 + (3+ 20)° + (5 + 9)t* +

(8 + 34)t® + (13 + 115z + 4a?) t° + (21 + 376z + 322%) " +
(34 4 12192 + 1772%) ° + (55 + 3980z + 8192” + 8z%) t* + - - -

The sequence (Qﬂ’l‘gg’o)(o))nﬂ is the Fibonacci numbers. We can give a combinatorial

explanation for this fact as well. That is, the permutations in S,(132) that avoid the
pattern MM P(0,0,2,0) are of the form na, where « is a permutation in S,_;(132) that
avoids MM P((,0,2,0), or of the form (n — 1)nf, where ( is a permutation in S, _5(132)
that avoids MM P(0,0,2,0). It follows that

0,0,2,0 @,0,2,0 0,0,2,0
QU2 0(0) = QAN 0) + QY% (0).

The sequence (Qgg’l(g;’o) (2)]z)n>3 does not appear in the OEIS.

030 (¢, 2y = 14t + 262 + 5% + (9 + 5z)t* + (18 + 242)t> + (37 + 952)t° +
(73 + 356z)t" + (146 + 1259z + 252°) t* + (293 + 4354z + 2152°) t? 4 - - -

The sequence (Q;Q?’I%’S’O)(O))nzo is sequence A077947 in the OEIS, which has the gener-

ating function ——4——. However, the sequence (Q%S’(’) (2)|2)n>4 does not appear in the
OEIS.

OO0 (1 w) = 1+t + 262 + 563 + 14¢* + (28 + 142)t7 + (62 + 702)1° +
(143 4 2862)t” + (331 + 10992)t® + (738 + 41242)t? + - - .

The sequence (Qﬁff’f;;;"”)(o))nzo does not appear in the OEIS.
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