Quadrant marked mesh patterns in 132-avoiding
permutations 11

Sergey Kitaev Jeffrey Remmel
University of Strathclyde Department of Mathematics
Livingstone Tower, 26 Richmond Street University of California, San Diego
Glasgow G1 1XH, United Kingdom La Jolla, CA 92093-0112. USA
sergey.kitaev@cis.strath.ac.uk jremmel@ucsd.edu

Mark Tiefenbruck

Department of Mathematics
University of California, San Diego
La Jolla, CA 92093-0112. USA
mtiefenb@math.ucsd.edu

Submitted: Date 1; Accepted: Date 2; Published: Date 3.
MR Subject Classifications: 05A15, 05E05

Abstract

Given a permutation o = 07 . ..o, in the symmetric group S, we say that o; matches
the marked mesh pattern MM P(a,b,c,d) in o if there are at least a points to the
right of g; in o which are greater than o;, at least b points to the left of ¢; in ¢ which
are greater than oy, at least ¢ points to the left of ¢; in ¢ which are smaller than o;,
and at least d points to the right of o; in o which are smaller than o;.

This paper is continuation of the systematic study of the distribution of quadrant
marked mesh patterns in 132-avoiding permutations started in [9] where we mainly
studied the distribution of the number of matches of M M P(a,b, ¢, d) in 132-avoiding
permutations where exactly one of a,b,c,d is greater than zero and the remaining
elements are zero. In this paper, we study the distribution of the number of matches
of MMP(a,b,c,d) in 132-avoiding permutations where exactly two of a,b,c,d are
greater than zero and the remaining elements are zero. We provide explicit recur-
rence relations to enumerate our objects which can be used to give closed forms for the
generating functions associated with such distributions. In many cases, we provide
combinatorial explanations of the coefficients that appear in our generating functions.
The case of quadrant marked mesh patterns M M P(a, b, ¢,d) where three or more of
a, b, c,d are constrained to be greater than 0 will be studied in [10].

Keywords: permutation statistics, quadrant marked mesh pattern, distribution, Pell
numbers
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1 Introduction

The notion of mesh patterns was introduced by Brandén and Claesson [2] to provide explicit
expansions for certain permutation statistics as, possibly infinite, linear combinations of
(classical) permutation patterns. This notion was further studied in [1, 3, 5, 6, 9, 12].

Kitaev and Remmel [6] initiated the systematic study of distribution of quadrant marked
mesh patterns on permutations. The study was extended to 132-avoiding permutations by
Kitaev, Remmel and Tiefenbruck in [9], and the present paper continues this line of research.
Kitaev and Remmel also studied the distribution of quadrant marked mesh patterns in up-
down and down-up permutations [7, §].

Let 0 = 01...0, be a permutation written in one-line notation. Then we will consider
the graph of o, G(¢), to be the set of points (i, 0;) for i = 1,...,n. For example, the graph
of the permutation o = 471569283 is pictured in Figure 1. Then if we draw a coordinate
system centered at a point (i,0;), we will be interested in the points that lie in the four
quadrants I, IT, III, and IV of that coordinate system as pictured in Figure 1. For any
a,b,c,d € N =14{0,1,2,...} and any ¢ = 0y...0, € S, the set of all permutations of
length n, we say that o; matches the quadrant marked mesh pattern MMP(a, b, ¢, d) in o
if, in G(o) relative to the coordinate system which has the point (i, 0;) as its origin, there
are at least a points in quadrant I, at least b points in quadrant II, at least ¢ points in
quadrant III, and at least d points in quadrant IV. For example, if 0 = 471569283, the
point o4 = 5 matches the marked mesh pattern MMP(2, 1,2, 1) since in G(o) relative to
the coordinate system with the origin at (4,5), there are 3 points in quadrant I, 1 point in
quadrant II, 2 points in quadrant III, and 2 points in quadrant IV. Note that if a coordinate
in MMP (a, b, ¢, d) is 0, then there is no condition imposed on the points in the corresponding
quadrant.



In addition, we shall consider patterns MMP(a, b, ¢, d) where a,b,c,d € NU{(}. Here
when a coordinate of MMP(a, b, ¢, d) is the empty set, then for o; to match MMP(a, b, ¢, d)
ino=o0;...0, €85,, it must be the case that there are no points in G (o) relative to the
coordinate system with the origin at (i, 0;) in the corresponding quadrant. For example, if
o = 471569283, the point o3 = 1 matches the marked mesh pattern MMP (4,2, ), ) since
in G(o) relative to the coordinate system with the origin at (3,1), there are 6 points in
G(o) in quadrant I, 2 points in G(o) in quadrant II, no points in both quadrants III and
IV. We let mmp(»**9 () denote the number of i such that o; matches MMP(a, b, ¢, d) in o.
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Figure 1: The graph of o = 471569283.

Note how the (two-dimensional) notation of Ulfarsson [12] for marked mesh patterns
corresponds to our (one-line) notation for quadrant marked mesh patterns. For example,

MMP(0,0, k,0) = , MMP(k,0,0,0) = ,

n

Given a sequence w = wy . .. w,, of distinct integers, let red(w) be the permutation found
by replacing the ¢-th largest integer that appears in o by ¢. For example, if 0 = 2754, then
red(o) = 1432. Given a permutation 7 = 7y ...7; in the symmetric group S;, we say that
the pattern 7 occurs in 0 = o1...0, € S, provided there exists 1 < i; < --- < i; < n
such that red(o;, ...0y,) = 7. We say that a permutation o avoids the pattern 7 if 7 does
not occur in o. Let S,(7) denote the set of permutations in S,, which avoid 7. In the
theory of permutation patterns, 7 is called a classical pattern. See [4] for a comprehensive
introduction to the study of patterns in permutations.

It has been a rather popular direction of research in the literature on permutation
patterns to study permutations avoiding a 3-letter pattern subject to extra restrictions
(see [4, Subsection 6.1.5]). In [9], we started the study of the generating functions

a,b,c,d n (a,b,c.d
Q532 )(tux) =1+ Zt ng,lBQ )(x)

n>1

MMP(0, a,b,c) = and  MMP(0,0,0,k) =




where for any a,b,¢,d € {0} UN,

Quig“(z) = 3 e
0€Sn(132)
For any a,b, ¢, d, we will write Qfg’&’gd (z)|,+ for the coefficient of z* in Qnalbgg D (2).
There is one obvious symmetry in this case which is induced by the fact that if o €
S,(132), then 0! € S,(132). That is, the following lemma was proved in [9].

Lemma 1. ([9]) For any a,b,c,d € {0} UN,
a,b,c,d a,d,c,b
C251,132 )(I) = Qfm:«:z )(ZE)

In [9], we studied the generating functions Qllgzoo 0)( t,x), Qg’f’o’o) (t,x) = Qg%’g’o’k)(t, x),
and Qloo k0 (t x) where k can be either the empty set or a positive integer as well as the
generating functions ng 00, 0)( x) and Qlw 0:4:0) ( ,x). We also showed that sequences of the
form (anllgg D (2)|4r )uss count a variety of combinatorial objects that appear in the On-line
Encyclopedia of Integer Sequences (OELS) [11]. Thus, our results gave new combinatorial
interpretations of certain classical sequences such as the Fine numbers and the Fibonacci
numbers as well as provided certain sequences that appear in the OEIS with a combinatorial
interpretation where none had existed before. Another particular result of our studies in

[9] is enumeration of permutations avoiding simultaneously the patterns 132 and 1234.

The main goal of this paper is to continue the study of Qf;; ol

interpretations of sequences of the form (fofg; d)( )|z )n>s in the case where a,b,c,d € N

and exactly two of these parameters are non-zero. The case when at least three of the
parameters are non-zero will be studied in [10].
Next we list several results from [9] which we need in this paper.

)(t, x) and combinatorial

Theorem 2. (/9, Theorem /])
1—+/1—4xt

0,0,0,0
0500t 2) = C(at) =

2xt
and, for k> 1,
(k,0,0,0) (t $) _ 1 )
. 1—tQi5 (¢, x)
Hence ]
(1,0,0,0)
t,0) = ——
Qiz " (t,0) 1_¢
and, for k > 2,
1
£,0,0,0
50 (t,0) = : (1)

1 1Q, (1,0



Theorem 3. (/9, Theorem 8]) For k > 1,

L (to = () Cit) = /(14 (b = (42 Cit))? = dta

2tx
2

L (b = () Cit) + /(1 + (b — (2 Cit9))? — 4t

0,0,k,0
Q§32 )(tv 37) =

and
1

0,0,k,0)
t,0 :
Qi (1,0) = 1—t(Co+ Cit + -+ 4 Cp_qth1)

It follows from Lemma 1 that ngzk 00) (t,x) = Q1%20 0k) (t x) for all £ > 1. Thus, our
next theorem (obtained in [9]) gives an expression for nggk 0.0) (t,x) = Qﬁ%’;”o”“) (t,x).

Theorem 4. (Theorem 11 of [9])

1
0,1,0,0 0,0,0,1
"0 () = QU "V (t,2) = T—tC(a)

For k> 1,

L+t 358 Ot QW ™ 0(t ) — C(ta)
1 —tC(tx)

0,k,0,0 0,0,0,k
g32 )(t,x): 532 )(t,x)

and k—2 (0,k—1—34,0,0)
1+t2] oCt( 132 (t,0) = 1)

0,k,0,0 0,0,0,k
Q§32 )(t,()): g32 )(t,O) 1—¢

As it was pointed out in [9], avoidance of a marked mesh pattern without quadrants
containing the empty set can always be expressed in terms of multi-avoidance of (possibly
many) classical patterns. Thus, among our results we will re-derive several known facts in
permutation patterns theory. However, our main goals are more ambitious aimed at finding
distributions in question.

2 Q%" (x) where k(> 1

Throughout this paper, we shall classify the 132-avoiding permutations o = oy...0, by
the position of  in 0. That is, let S (132) denote the set of o € S,(132) such that o; = n.

Clearly each o € Sr(f)(132) has the structure pictured in Figure 2. That is, in the graph
of o, the elements to the left of n, A;(c), have the structure of a 132-avoiding permutation,
the elements to the right of n, B;(c), have the structure of a 132-avoiding permutation,
and all the elements in A;(o) lie above all the elements in B;(o). It is well-known that the



A;(0)

B; (0)
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Figure 2: The structure of 132-avoiding permutations.

number of 132-avoiding permutations in S,, is the Catalan number C, = #1(2:) and the
generating function for the C),’s is given by

—ZCt“—l_‘/1_4t— 2
N e 2 141 -4t

n>0
If £ > 1, it is easy to compute a recursion for ngi%’f’o) (x) for any fixed ¢ > 1. It is clear

that n can never match the pattern MMP(k,0,¢,0) for £ > 1 in any o € S,(132). For
1 > 1, it is easy to see that as we sum over all the permutations o in Sy (132) our choices
for the structure for A;(o') will contribute a factor of Q' 1115’2’5 9 (z) to an1%§ % (x) since none
of the elements to the right of n have any effect on whether an element in A;(¢) matches
the pattern MMP(k, 0, ¢,0) and the presence of n ensures that an element in A;(0) matches
MMP(k,0,¢,0) in o if and only if it matches MMP(k — 1,0,¢,0) in A;(0). Similarly, our
choices for the structure for B;(o) will contribute a factor of an o QQ) () t fof;ﬁ 0 (x) since

neither n nor any of the elements to the left of n have any effect on whether an element in
Bi(0) matches the pattern MMP(k,0,¢,0). Thus,

k,0,£,0) k—1,0,£,0 k,0,£,0
Qi 132 ( )= Z QE 1,132 )( ) Qq(q—z‘,132) (@). (2)
=1

Multiplying both sides of (2) by ¢" and summing over all n > 1, we obtain that

(k,0,£,0) k—1,0,£,0 k,0,£,0
-1+ Q132 ( ,T) = th?)Z )<t7$) §32 )(t7$)
so that we have the following theorem.
Theorem 5. For all k, 0 > 1,

1
k—1,0,£,0 :
1 - tQ532 )(t> 55)

k,0,6,0
Q§32 )(t7 55) =

(3)

Note that by Theorem 3, we have an explicit formula for Q%S 40) ( ,x) for all £ > 1 so

that we can then use the recursion (3) to compute Qg’;;go)( ,x) for all k£ > 1.



2.1 Explicit formulas for le]f’l%g’m(aj)

xT‘
Note that I
Qs (£,0) = . (4)
1= 1Qi, 7(1,0)
Since ngg 0.0) (¢,0) = 5%’20 10) (t,0) = 1=, it follows from the recursions (1) and (4) that for

all k > 2, Q§’§§ 0:0) (t,0) = §’§21 0.1.0) ( ) This is easy to see directly. That is, it is clear
that if in o € 5,,(132), o; matches MMP(k — 1,0,1,0), then there is an i < j such that
o; < o0j so that o; matches MMP(k,0,0,0). Vice versa, suppose that in o € S,,(132), o,
matches MMP(k,0,0,0) where & > 2. Because o is 132-avoiding this means the elements
in the first quadrant relative to the coordinate system with (j,o;) as the origin must be
increasing. Thus, there exist j < j; < --- < jp < n such that 0; < 05, < -+ < 0y,
and, hence, o; matches MMP(k — 1,0,1,0). Thus, the number of ¢ € S,(132) where
mmp*F9%0 () = 0 is equal to the number of o € S,(132) where mmp*~1019(5) = 0 for
k> 2.

In [9], we computed the generating function Q@QO 00) (t,0) for small k. Thus, we have
that

2,0,0,0 1,0,1,0 1-—-1¢

Qi " (8,0) = Qi (1,0) =
1—2¢

3,0,0,0 2,0,1,0 1—2t

QU0 (t,0) = QU (1,0) = T

(4,0,0,0) _ (3,0,1,0) o 1=3t+

@ia (60 =i T0) = T g
1 — 4t + 3¢?

5,0,0,0 4,0,1,0
Qg32 )<t70):Q§32 )(tao) =

15t + 6623
(6,0,0,0) _ (5,0,1,0) 1 -=5t+6t2 -4
Qize  (t,0) = Q15 7 (t,0) = 1= 6t & 1022 — 47j3,and
1 — 6t + 1083 — 4¢3

1—Tt+15t2 — 1013 + 4

7,0,0,0 6,0,1,0
g32 )<t 0) Qg32 )(t,O) -

Note that Ql?ﬂo 20) (t, 0) = by Theorem 3. Thus, by (4), we can compute that

1— t 1—t—¢2
(1,0,2,0) 1—t—¢t
t,0) = ——;
(2,0,2,0) 1— 2t —¢2
t,0) = ———
1-3t+1¢
Q%zw’o) (t,0) = and

1 — 4t + 22 + 2t3°
1 — 4t 4 2t%2 + 243
1 — 5t + 512 + 23 — ¢4~

4,0,2,0
Q§32 )(t, 0) =

We note that {Qflffg’o)(o)}@ is the sequence of the Pell numbers which is A000129 in the
OEIS. This result should be compared with a known fact [4, page 250] that the avoidance of
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123, 2143 and 3214 simultaneously gives the Pell numbers (the avoidance of MMP(1, 0, 2,0)
is equivalent to avoiding simultaneously 2134 and 1234).

Problem 1. Find a combinatorial explanation of the fact that in S,, the number of
(132,2134,1234)-avoiding permutations is the same as the number of (123,2143,3214)-avoiding
permutations. Can any of the known bijections between 132- and 123-avoiding permuta-
tions (see [4, Chapter 4]) be of help here?

The sequence {QHQ&S’O (0)}n>1 is sequence A052963 in the OEIS which has the gen-
erating function f_;Ttt:g That is, % -1 = 75113,fT+tt3 This sequence had no listed

combinatorial interpretation so that we have now given a combinatorial interpretation to
this sequence.

Similarly, 1%20 30) (t,0) = Thus, by (4), we can compute that

e
132 ’ 1—2t—¢t2— 23
1—2t —t*— 2t
1—3t—3+ 2t
1—-3t—t342t4

2,0,3,0
g32 )<t7 0) =

(3707370)
t.0) = d
132 <7 ) 1T 4f 1 22 1 418’ an
1 — 4t + 2t% 4+ 44
4,0,3,0
g32 )<t70) =

1 — 5t + 52 + 54 — 2t5°

In this case, the sequence (QS’{;’;”O)(O))M is sequence A077938 in the OEIS which has
the generating function m That is, % —1= tm This sequence
had no listed combinatorial interpretation so that we have now given a combinatorial in-
terpretation to this sequence.

We can also find the coefficient of the highest power of z that occurs in Qn’ﬂ%ﬁ 0)(37)
for any k,¢ > 1. That is, it is easy to see that the maximum possible number of matches
of MMP(k,O,K, 0) for a 0 = 0y...0, € S,(132) occurs when oy ...0 is a 132-avoiding
permutation in S, and oy4q ...0, is an increasing sequence. Thus, we have the following
theorem.

Theorem 6. For any k, 0 > 1 and n > k + { + 1, the highest power of x that occurs in
ng,l%,o) () is 2" K= which appears with a coefficient of Cy.

Given that we have computed the generating functions Ql?no 40 (t,x), we can then use

(3) to compute the following.
Ut a) =1+t + 20 + 4+ 2)8® + (84 52+ 22) t* + (16 + 172 + 822 + 2%) 1+
(32 + 49z + 382” + 122° + ) t° + (64 4 129z + 1412” + 772° + 172" + 2°) t'+
(128 + 321z + 453z> 4 3612° + 143z* + 232° 4 2°) 5+
(256 + 769z + 13262” + 1399z” + 8342 + 2472° + 302° + z7) ¢ + - --



QU 0t w) = 1+t + 262 + 5% + (13 + 2)t* + (34 + 7w + 22) 7+
(89 + 32z + 102” + 2®) ° + (233 + 1222 + 592° + 142° + 2*) '+
(610 + 4222 + 2722% + 1062° + 192 + 2°) t°+

(1597 + 13762 + 1090z + 5912”4 1822 + 252° + 2°) t¥ + - - .

QUM (b, x) = 1+t + 202 + 5% + 1481 + (41 + 2)t° + (122 4 9z + 22) 5+
(365 + 51z + 122° + 2®) 7 + (1094 + 235z + 842® + 162° + o) 17+
(3281 + 966 4 4542” 4+ 1392° + 212" +2°) 17 + - - - .

We can explain several of the coefficients that appear in the polynomials ng’l%’gl ’0)(:U) for
various k.

Theorem 7. Qg{i%;’o)(O) =21 forn > 1.

Proof. This follows immediately from the fact that Q%’S’I’O) (t,0) = % We can also give
a simple inductive proof of this fact.

Clearly Q&%;’D)(O) = 1. Assume that Ql(ﬁl’i%’;’o)(()) = 21 for k < n. Then suppose that
mmp%19(g) = 0 and o; = n. Then it must be the case that the elements to the left of o;
are decreasing so that o1...0;,1 = (n—1)(n —2)...(n — (i — 1)). But then the elements
to the right of o; must form a 132-avoiding permutation of S,,_; which has no occurrence
of the pattern MMP(1,0,1,0). Thus, if i = n, we only have one such ¢ and if i < n, we
have 2"~ choices for 0,1 ... 0, by induction. It follows that

n—1
Quizn”(0) =1+ 27 =2"".
=1

]

The sequence (QS’&;’O) (2)]z)n>3 is the sequence A000337 in the OEIS which has the
formula a(n) = (n — 1)2"7! + 1, and the following theorem confirms this fact.

Theorem 8. Forn > 3,
1,0,1,0 n—
QM (@) = (n —3)2"72 + 1, (5)

Proof. To prove (5), we classify the o = oy ...0, € S,(132) such that mmp®*19(g) =1
according to whether the o; which matches MMP(1,0,1,0) occurs to the left or right of
position of n in o.

First, suppose that o; = n and the o, matching MMP(1,0, 1,0) in o is such that s < i.
It follows that red(oy...o;_;) is an element of S;_;(132) such that mmp©®®h0) = 1. We

proved in [9] that Q(?i%;’o) ()]z = (%) so that we have (*}') choices for oy ...0;_;. It must

n 2
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be the case that mmp® 0’1’0)(0'Z 1...0,) = 0 so that we have 2"~ choices for 0,1 ...0,.
It follows that there are (') + Z _1( N2n==1 permutations o € S,(132) where the
unique element which matches MMP(1, 0, 1 ,0) occurs to the left of the p081t10n of nin o.

Next suppose that ¢ = o,...0, € Sn(132), mmp219(g) = 1, 0; = n and the
os matching MMP(1,0,1,0) is such that s > 4. Then the elements to the left of o;
in ¢ must be decreasing and the elements to the right of o; in ¢ must be such that
mmp019 (g1 ... 0,) = 1. Thus, we have 1 + (n — i — 3)2""~2 choices for o4 ...0,
by induction. It follows that there are

n—3
d (L4 (n—i—3)2""7) = +§:jw“
=1

permutations o € S,,(132) where the unique element which matches MMP(1,0,1,0) occurs
to the right of the position of n in ¢. Thus,

n—4 n—1 .
1,0,1,0 o n—1 =1\ i
Quiz” (@)l = <n—3>+ZﬂJ“+( 2 )*Z( 2 )2 1
j=1

=3

= (n—3)2" %24 1.
Here the last equality can easily be proved by induction or be verified by Mathematica. [

We also can find explicit formulas for the second highest coefficient in Q{F""" (x) for
kE>1.
Theorem 9. !
k0,1, n-—
s (1)

for alln >k + 3.

Proof. We proceed by induction on k.

First we shall prove that inloé;,o ()]gn-s = 2+ (") for n > 4. That is, suppose
that ¢ = o0y...0, € S,(132) and mmp O+ (g) = n — 3. If 6 = n, then 0y...0,
must be strictly increasing. Similarly, if 0,,_1 = n so that o, = 1, then o;...0,_1 must
be strictly increasing. It cannot be that o; = n where 1 < ¢ < n — 1 because in that
case the most MMP(1,0, 1,0)-matches that we can have in ¢ occurs when o ...0; is an
increasing sequence and o;,1 ... 0, is an increasing sequence which would give us a total of
i—2+n—i—2 = n—4 matches of MMP(1,0, 1,0). Thus, the only other possibility isif o,, = n

in which case mmp®%49(g; ... 0, 1) = n—3. We proved in [9] that QHOI%; O ()| gz = (5).
Thus, if 0, = n we have that (",") choices for oy ... 0,_;. It follows that QS%’;’O ()] gn-3 =
2+ (";1) for n > 4.

Assume that & > 2 we have established (6) for &k — 1. We know that the highest power

: k,0,1,0 1 . . .
of x that occurs in Qil 139 )( ) is 2" 717% which occurs with a coefficient of 1 for n > k + 2.
Now
o 0,1,0 otk 0,1,0 (k,0,1,0)
n132 T)|gn—2n = E i—1,132 Qn—i,132 (7)) |zn—2-5.

10



Since the highest power of x that occurs in szlllg; 0) (x)is x

of z that occurs in Qﬁl’iiﬁg D(g) is an—i-1-k, (Qﬁﬁlfl’g;’o)(:z:)fof;jg;) (2))]gn-2-+ = 0 unless

i€ {l,n—1,n}. Thus, we have 3 cases.

i=1=1=k and the highest power

Case 1. 7 = 1. In that case,

k—1,0,1,0 k,0,1,0) k,0,1,0)
(QE—1,132 )(I)QEL 1132( ))|acn 2—k — Qﬁl 1132( >|x"*2*k =1

Case 2. © = n — 1. In this case, we are considering permutations of the form o =
o1 ...0n_onl. Then we must have mmp*—1059 (red(oy ... 04 0)) =n —k —2 = (n —2) —
1 — (k—1) so that there is only one choice for oy ..., 5. Thus, in this case,

k—1,0,1,0 %,0,1,0) k—1,0,1,0
Q% (@) QWD (1)) a2 v = Q¥ (@) [an 2k = 1.

Case 3. 7 = n. In this case,

k—1,0,1,0 k,0,1,0 k—1,0,1,0
Q% (@) QEND @) = QU (@) n 2

— 2(k—1)+ n_l_(k_l))

form—1>k—1+3.

Thus, it follows that anl%; 0 (@)|gn—2-+ = 2k + ("gk) forn > k + 3. O

Similarly, we have computed the following.

QU () = 1+t + 262 + 56° + (12 + 22)t* + (29 + 11z + 22%) £+
(70 + 452 + 152” + 22°) t° + (169 + 158z + 812 + 192° + 22*) t'+
(408 + 5092 + 35922 + 1292° + 232 + 22°) 3+

(985 + 1550z + 14092 + 7002* + 189z* + 272° + 22°) t* + - --

G020t ) = 1+t + 2% 4+ 56° + 14¢* 4 (40 + 22)° + (115 + 152 + 222) 5 +

(331 + 77z + 192 + 22°) t7 + (953 + 331z + 1212” + 232° 4 22*) ¢t +
(2744 4 1288z + 6242” 4+ 1772% + 272" + 22°) 17 + - --

In this case, the sequence (Qg’l%g’o)(()))nzl is A052963 in the OEIS which satisfies the
recursion a(n) = 3a(n — 1) — a(n — 3) with a(0) = 1, a(1) = 2 and a(2) = 5, and has the

: : 1—t—t2
generating function ;= "7.
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QU0 (t, w) = 1+t + 2 + 56° + 148 + 4265 + (130 4 22)1° + (408 + 192 + 22%) 17+
(1288 + 1172 + 232” + 22°) t* 4 (4076 4 588z + 169z + 272° + 22*) 17 + - - - .

We have also computed the following.

QU O (t,w) = 1+t + 2 + 56° + 14" + (37 + 52)t° + (98 + 29 + 522) 1 +
(261 + 124z + 392% + 52°) ¢7 + (694 + 475z + 2072* 4 492° + ba*) t° +
(1845 + 1680z + 9632” + 3102” 4 592" + 52°) 1” +

(4906 + 5635z + 40562 4 16922° + 433z" + 692° + 52°) t'0 + - - - .

Q0300 (1 2) =1+t + 262 + 53 + 14¢* + 4265 + (127 + 5a)t® +

(385 + 39z + 52°) t7 + (1169 + 207z + 492> + 5z°) ¢° +
(3550 + 938z + 3102” + 592° + 5a*) t +
(10781 4 3866 + 16422% 4 4332° + 692" + 52°) ¢'% + - - - .

O304 2) =1+t + 262 + 53 + 144 + 4265 + 13215 + (424 + 52)t7 +

(1376 + 49z + 52°) t° + (4488 + 310z + 592* + 52%) ¢
(14672 + 1617z + 4332”4 692° + 5z*) t'° + - --

We can also find a formula for the second highest coefficient in anlggn 0) (x) for m > 2.

Theorem 10. Forallk>1, m>2 andn>m+ k + 2,
QUL (1) 2 = Cony + (2k + 1)Clp + 2C(n — k —m — 2).

Proof. First we establish the base case which is when k£ =1 and m > 2. In this case,

1,0,m 0 0,0,m 0) (1,0,m,0
51132 ZQE 1,132 Q- 1132)(‘”)'
Since the highest power of x that can appear in Qfg’l%’;n ) (x) is 2™~ ™ for n > m and the

highest power of x that can appear in QS&;” 0) (z) is 2" ™1 for n > m + 1, it follows that

the hlghest power of z that appears in Q" ?717;)20 (@Qf}_’%ﬁéﬁ) (z) will be less than z"~™2 for
1 =2,...,n— 1. Thus, we have three cases to consider.

Case 1. i = 1. In this case, Qloﬁ’{g(f (x )QS;OZ.:%’S) (x) = ijﬂ’ﬁgg) () and we know that
QS;OI’T?;? ()| gn-m-2 = Cy, for n > m + 2.
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Case 2. i =n — 1. In this case, QE?’%@Q) (:E)Q,(llﬂﬁgg)(x) = leo_’%ﬁgg)(a:) and it was proved

n [9] that
fo;og’ﬁgg) ()| gn-m—2 = C, for n > m + 2.

Case 3. i = n. In this case, QZO?T;QO () QM 2717133)( ) = fo;ol’fz,;‘;’(x) and it was proved in

9] that
(0,0,m,0) B
Q1139 () |agn-m—2 = Cpy1 — Cpy + 200 (n — 2 —m) for n > m + 3.
Thus, it follows that

QL (@)|anm-z = Csr + Oy +2C(n — 2 — m)
= Cpy +3C, +2C,(n—3—m) forn >m+ 3.

For example, for m = 2, we get that
QS%S’O)(@’M—AL =11+4(n—>5) forn>5
and, for m = 3, we get that
ngl,i%;’o)(ﬂf)’xn—‘l =294 10(n —6) for n > 6

which agrees with the series that we computed.
Now assume that & > 1 and we have proved the theorem for £ — 1 and all m > 2. Then

k,0,m.0) (k—1,0,m,0) k,0,m,0
fl 13;n Z Qz 1 132m )QSL—Z%Q)(@

Since the highest power of x that can appear in an13120 ™0 (1) is 2n~m= =D for p > m+k
and the highest power of x that can appear in Qn 1%;” 0) (z) is 2" ™% for n > m + k, it
follows that the highest power of x that appears in Qlk111§2m 0) (x)QT(ffOlgg )(x) will be less
than 2”~™ %=1 for s = 2,...,n — 1. Thus, we have three cases to consider.

Case 1. 7 = 1. In this case, Qfﬁzllgzmo)(x)Qik_ggg( ) = fool%g)( ) and we know

that
Qﬁf_ﬂ’f?gg) (2)|gn-m—r-1 = Cy, for n >m+k + 2.

Case 2. i =n — 1. In this case, Q,’fllngm ) (m)Q;k_’gzgg) (z) = QS“:QH%;%O) () and we know

that
Q,Elk_;i%;n’o)(a:)un_m_k_l =Cpforn>m+k+2.
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Case 3. i = n. In this case, Qlkllngm ) (:v)QEfﬂj’{’;’;” (x) = Qg:l’i%;n’o) (x) and we know by

induction that

QU (@) gn-mr1 = Cog1 +(2(k—1)+1)Cop+-2C (n—m—(k—1)—1) for n > m+k+2.
Thus, it follows that

QU (@) an-mr1 = Cogr + (2k +1)Cl + 2C(n —m — k — 2) for n > m + k + 2.

]
(£,0,0,€) (k,£,0,0)
3 Qn 132 ( )= Q139 '(z) where k, (> 1
By Lemma 1, we know that anl%gg () = Qg’égo)(x). Thus, we will only consider

fogg E)( ) in this section.

Suppose that n > ¢ 4 1. It is clear that n can never match the pattern MMP(k, 0,0, £)
for k> 1in any o 6 Sn(132). For i < n — /¢, it is easy to see that as we sum over all the
permutations o in S (132) our choices for the structure for A;(o) will contribute a factor

of szlllgf 0)( ) to anl(;g ) (x). That is, since all the elements A;(c) have the elements
in B;(o) in their fourth quadrant and B;(o) consists of at least ¢ elements so that the
presence of n ensures that an element in A;(0) matches MMP(k,0,0,¢) in o if and only if

it matches MMP(k — 1,0,0,0) in A;(0). Similarly, our choices for the structure for B;(o)

will contribute a factor of an o (1)362)( ) to fo’&g () since neither n nor any of the elements

to the left of n have any effect on whether an element in B;(0) matches MMP(k, 0,0, ¢).
Now suppose i > n — ¢ and j = n — i. In this case, B;(c) consists of j elements. In

this situation, an element of A;(c) matches MMP(k,0,0,¢) in o if and only if it matches

MMP(k — 1,0,0,¢ — j) in A;(c). Thus, our choices for A;(c) contribute a factor of

nglllégog ‘7)( ) = Qge ]120152 MNz) to Qgﬂ%gé (). Similarly, our choices for the structure

for B;(o) will contribute a factor of Qn’“(j?fg( ) to anlg)g (x) since neither n nor any of

the elements to the left of n have any effect on whether an element in B;(¢) matches the
pattern MMP(k, 0,0, ¢). Note that since j < ¢, we know that ang(l);z)(x) =C;.
It follows that for n > ¢+ 1,

n—~¢

k,0,0,¢ k—1 0 ,0,0 k,0,0,¢
QU (@) = Z Qe (1) Q000 () +
k—1,0,0,¢
20@7&] e (). (7)

Multiplying both sides of (7) by ¢", summing for n > ¢+ 1 and observing that Q§k1§20 ) ()
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C; for j < ¢, we see that for k,¢ > 1,
¢ -1
B900) St = 18 0,0) ( 4000, 7) - Z@tﬂ) :
=0 =0
—j—1
tZC 4 ( U2 0002y = > Csts> .
s=0

Thus, we have the following theorem.
Theorem 11. For all k, ¢ > 1,

k,0,0,4
532 )<t7x):
/—1 k 1000 k—1,0,0,4—j /—i—1 s
Cot’ + 300 Citf (1 — Qs P00 (t, 2) + QU M) (t,2) — S Cut))

k—1,0,0,0
1_75Q§32 )(,x)
(kOD,O)(

Note that we can compute generating functions of the form )355’

and generating functions of the form ngQO 0 Z)(

compute QII;,QOOZ (t,z) for any k,¢ > 0.

(8)

t,z) by Theorem 2
t,xz) by Theorem 4 so that we can use (8) to

3.1 Explicit formulas for fo’l%g ’g)(x)

xT‘

By Theorem 11, we have that

k—1,0,0,0 k—1,0,0,1
oon, oy — 1+ (L=t (k) + HQY, Y (ta) - 1)
132 ) - (k—1,0,0,0)

1 —tQ130 (t, )
_ 1_tQ§l§21000( )"‘tQéleOl)(’f@) 9)
(k—1,0,0,0) :
1_tQ1 (,l’)

We note that Qloooo)( t,x) = C(tx) so that Qloooo)@?o) = 1. As described in the

previous section, we have computed Q§’§20 09(¢,0) for small values of k in [9]. Plugging

those generating functions into (9), one can compute that

(1,0,0,1) 1=t
132 (t’ O) - (1 _ t)2 )
1 -2t 4+ 2+ ¢

(2707071)
t,0) =
132 ( ) ) 1 _ 3t _|_ 2t2 )

1—3t+22+ ¢
1 — 4t + 42 — 37

3,0,0,1
§32 )<t7 O) =

(4,0,0,1) 1 —4t+422 -3+ 80

t,0) = d
132 (7 ) L5l - 712 — 30 , an
5,0,0,1 1 — 5t + 7t2 — 3t3 + t6
532 )(t, O) -

1 —6t+ 11t2 — 713 + 4
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It is easy to see that the maximum number of MMP(1, 0,0, 1)-matches occurs when

either o ends with 1n or nl. It follows that for n > 3, the highest power of = in Qﬁifgg’”(a;)
n—2

is and its coefficient is 2C),_5. More generally, it is easy to see that the maximum
number of MMP(k, 0,0, 1)-matches occurs when o € S,(132) ends with a shuffle of 1 with
(n—Fk+1)(n—k)...n. Thus, we have the following theorem.

Theorem 12. For n > k + 1, the highest power of x in Qn’ﬂ%;” (z) is 2"k and its
coefficient is (k 4+ 1)Cp_j_1.

We can also compute

QIO 2) =1+t 4 262 + (34 22)t> + (4 + 6z + 42)t* +

(5 + 12z + 152% + 102*)t° + (6 + 20z + 362% + 422° + 282")t° +
(7 + 30z + 7022 + 11223 + 126" + 842°)t7 +

(8 + 427 + 1202% + 2402° + 3602 + 3962° + 2642°)t® +

(9 + 562 + 1892% + 4502 + 825z + 11882° + 12872° + 858z7)t? +

It is easy to explain some of these coefficients. That is, we have the following theorem.

Theorem 13.

(i) Q5" (0) =n for alln > 1,

(ii) inl(;g 1)( )z = (n—1)(n—2) for alln >3, and
(111) inl%g 1) ()| gn-3 = 3C,_o for all n > 3.

Proof. To see that Qﬁ’l%g’l)(()) = n for n > 1 note that the only permutations o € S,,(132)
that have no MMP(1, 0,0, 1)-matches are the identity 12...n plus the permutations of the
foomn(n—1)...(n—k)12...(n—k—1) for k=0,...,n— 1.

For n > 3, we claim that

a(n) = Qi (@)]: = (n = 1)(n — 2).
This is easy to see by induction. That is, there are three ways to have a ¢ € S,(132)
with mmp(%%V(g) = 1. That is, ¢ can start with n in which case we have a(n — 1) =
(n —2)(n — 3) ways to arrange o9...0, or ¢ can start with (n — 1)n in which case there
can be no MMP(1,0,0, 1) matches in o3...0, which means that we have (n — 2) choices
to arrange o3...0, or ¢ can end with n in which case o;...0,_1; must have exactly one
MMP(0, 0,0, 1)-match so that by our previous results in [9], we have n — 2 ways to arrange
o1...04. Thus, a(n) =(n—2)(n—3)+2(n—2) = (n—1)(n — 2).
For Qg’l%g’l)(%)bnfs, we note that

(1,0,0,1) _ oo 0000 QU0
Quiz () = Q.77 132 )+ Z Qz—l 132 Qni32 ()
Q00 1,4(1,0,0,1)
= n1132 —1—20, " an132( ).
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Thus,

1,0,0,1 0,0,0,1) (0,0,0,1)
Q£,132 )($)|x"—3 = sz 1, 132 2)|on-s + ch 1Q” 1132( Jan-i-z.

It was proved in [9] that Qnol(;g b (2)|gn-2 = Cp,_q for n > 2 and, by Theorem 12,
Qg{’l%g’l)(xﬂﬂfz = 2C,,_1 for n > 2. Thus, for n > 3,

n—2
QA (@)rs = Coca+ Y Cia20n_is
=1
n—2
= Cu2+2) CiriCuoicz = Cooa + 20,5 = 3G,
=1

One can also compute that

QUEIOV(t w) =1+t 4 26% 4+ 5t° + (11 4 32)t* + (23 + 13z + 62°)°+
(47 + 40z + 302% + 152%)t° + (95 + 1072 + 1042* + 812° + 422"t +
(191 + 2662 + 30822 + 3012” + 238x* + 1262°)%+

(383 4 633z + 8372% + 949z° + 9262 + 7382° + 3962°)t” 4 - - -

and

OO ) =1+t + 262 + 53 + 14t + (38 + 42)t° + (101 + 232 + 822)t5+

(266 + 92 + 512 + 202*)t7 + (698 + 3207 + 2212% + 1352° + 562*)t5+
(1829 + 1038z + 8212% + 614z + 392z + 1682°)t +

Here the sequence (fo’l%g’”(o))nzl which starts out 1,2,5,11,23,47,95,191,... is the

sequence A083329 from the OEIS which counts the number of partitions 7 of n, which when
written in increasing form, is such that the permutation flatten(m) avoids the permutations
213 and 312. For the increasing form of a set partition 7, one write the parts in increasing
order separated by backslashes where the parts are written so that minimal elements in
the parts increase. Then flatten(m) is just the permutation that results by removing the
backslashes. For example, m = 13/257/468 is written in increasing form and flatten(mw) =
13257468.

Problem 2. Find a bijection between the o € S,,(132) such that mmp®%%Y(s) = 0 and
the set partitions 7 of n such that flatten(r) avoid 231 and 312.

None of the sequences (ng’l%g’l)(O))nN for k = 3,4, 5 appear in the OEIS.
Similarly, one can compute that

k—1,0,0,0 (k—1,0,0,2 (k—1,0,0,1)
(k,0,0,2)<t z) = 1—(t+ t2)@§32 )( r) + tQ132 )( T) + t2Q132 ( )
132 ’ - (k—1,0,0,0) )
1 - tQ132 (ta x)
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Then one can use this formula to compute that

QUM x) =14t + 262 + 56 + (9 + 5a)t* + (14 + 18z + 102°)t7+
(20 + 422 + 4527 + 252%)t% 4 (27 4 80z + 1262% + 1262° + 7024t +
(35 + 135z + 2802% + 3922 + 378z + 2102°)¢°

(44 + 210z + 5402% 4 9602° + 1260x* 4 10882° + 6602°)? + - - -

It is easy to see that permutations o € S5,(132) which have the maximum number
of MMP(1,0,0,2)-matches in o are those permutations that end in either n12, n12, 21n,
2n1 or n21. Thus, the highest power of x that occurs in Qn 132 (:c) is "3 which has a
coefficient of 5C),_5.

Q002 (¢t 2) =1+t + 262 + 53 + 14¢* + (33 4 92)t° + (72 + 422 + 182%)t0+

(151 + 1352 + 98x% + 452%)t" + (310 + 370z + 3582° + 2662 + 12621)t°+
(629 4 9312 + 109322 + 10472 4 7842 4 3782°)t" +

It is easy to see that permutations o € S, (132) which have the maximum number of
MMP(2,0,0,2)-matches in o are those permutations that end in either a shuffle of 21 and
(n—1)n or (n —1)nl2, (n — 1)12n, and 12(n — 1)n. Thus, the highest power of = that

: 2,0,0,2 e : :
occurs in Qi 139 )(x) is z"~* which has a coefficient of 9C,,_.

QOO (4 x) =14t 4 262 + 563 + 14¢* 4 426° + (118 + 142)t0+
(319 + 82 + 282°)t" + (847 + 329z + 1842 + 702%)t*+
(2231 + 1138z + 807z% + 490z° + 1962*)t” +

It is easy to see that permutations o € S,(132) which have the maximum number
of MMP(2,0,0,2)-matches in ¢ are those permutations that end in either a shuffle of 21
and (n —2)(n — D)n or (n — 2)(n — 1)nl2, (n — 2)(n — 1)12n, (n — 2)12(n — 1)n, and
12(n — 2)(n — 1)n. Thus, the highest power of x that occurs in fojf?;g’”(x) is 2"~ which
has a coefficient of 14C,,_s.

None of the series (ng’l(g,,’g’2)(0))n21 for k = 1,2,3 appear in the OEIS.

4 Qnofggo (z) = Q%ﬁ“(@ where k. (> 1

By Lemma 1, we know that Qnolgzm (x) = Qfg’l%g’k)(x). Thus, we will only consider
Qf&%g 0)( ) in this section.

Suppose that n > k. It is clear that n can never match the pattern MMP(0, k, ¢, 0)
for k > 1 in any o € S,(132). For ¢ > k, it is easy to see that as we sum over all the

permutations o in S (132), our choices for the structure for A;(c) will contribute a factor
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of ng_’lf,’fé%)( ) to Qnol’gf (x) since none of the elements to the right of A;(0) have any
effect on whether an element of A;(c) matches MMP(0, k, £,0). The presence of n and the
elements of A;(0) ensures that an element in B;(o) matches MMP(0,k,¢,0) in o if and
only if it matches MMP(0, 0,¢,0) in B;(c). Thus, our choices for B;(o) contribute a factor
of Qi) to Qs ().

Now suppose ¢ < k and j = n — 4. In this case, A;(0) consists of i — 1 elements. In
this situation, an element of B;(0) matches MMP(0, k,¢,0) in o if and only if it matches

MMP(0, k—1,¢,0) in B;(c). Thus, our choices for B;(o) contribute a factor of Qflojié’s’o)(x)

to Qnollgé 0 (x). As before, our choices for the structure for A;(o) will contribute a factor of

Q§°,’f,f3°2)( ) to Q,f’l’;ﬁ“ (x) but in such a situation onff&) (x) = Ci_.
It follows that for n > k,

QU () ZQE%% QU0 (@) +
0,k—3,¢, O
Z C,QUM 50 (). (10)

Multiplying both sides of (10) by ", summing for n > ¢+1 and observing that @ ]01155 0 (x) =
C; for j < ¢, we see that for k 621

k-1 k—2
0,k,6,0 ; 0,0,6,0 0,k,£,0 s
Q§32 (t,z) - chtj = tQ§32 (t,z) ( §32 (t,2) — Zost ) +
j=0 s=0
k—2 ' k—i—2
Yo (oY)
1=0 s=0

It follows that we have the following theorem.
Theorem 14. For all k,¢ > 1,

0,k,¢,0
532 )(tv .CL’) =

Croat*™ + 2020 Gt (1= 180 (1 2) + Q%S0 (t,2) - U )

OOEO
1—tQ\ ) (t, x)

(11)

(0,0,£,0
Since we can compute Q132 )(

QU0 (¢ %) for all k, 0 > 1.

t,x) by Theorem 3, we can use (11) to compute
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4.1 Explicit formulas for Q;?ilg’f’o)(:v)

1‘7"

It follows from Theorem 14 and Theorem 3 that

(0,1,£,0) (t 0) _ 1
132 ) 1—tQ100£0(, )
1
1—t 1
1—t(Co+Crt4-+Cp_1tt-1)
1—t(Co+ Cit +--- + Cpqt"™ 1)

1—t(14+Co+ Cit+ -+ Cpqtt=1)’

Thus, one can compute that

0,1,1,0 1%
532 )(t, 0) = ;

1—2t° 2
B0 0) = 2
B0 - L
5%2174,0) (t.0) = 1—t—t2—2t3 — 5t

1 — 2t — 2 —2t3 — 54

Similarly, one can compute

(0,0,£,0 (0,1,£,0) (0,1,£,0
(0,2,(,0)(75 ) 1— tQ132 )( )+tQ13 ( aiU) =14 tQ132 )( )
132 y L 1 _ 1000.£0) - 1 (0,0,60) 4 )"
- Q132 (t,a:) — Q30 ( ,T)
Note that

¢ l—t(Co-i-Clt—i-m-i—Cg_ltZ*l)
1—t(1+Co+Crt+-+Cp_ e 1)

1= tlft(C .= 1
O+Clt+ +Cg71t )
t(1 —t(Co+ Oyt + -+ - 4+ Cpqt™1))2
(1—t(14+Co+ Cit+ -+ Cpqtt=1))2

0,2,¢,0
§32 )(t70) = 1+

Thus, it follows that

040,0) = 14+

(0727370)
t,0)=1+1

1—t—2 23 54\ ?
1—2t—t2—2t3 —5¢4 )~

1—t—12—23\72
),and

2
(0,2,2,0) B 1—t—t*\"

040,0) = 14+



(o?enoe) can use (11) and our previous computations for Qﬁ%’;”g’o) (t, ) to compute
Qi ().

QUIT ( 2) =14+t 422 + (4 + ) + (84 bz + 2°)t* + (16 + 17z + 822 + )7+
(32 + 492 + 382% + 122° + 2*)t° + (64 + 1292 + 1412* + 772° + 172* + 2°)t"+

(128 4 3212 + 4532% 4 3612° 4 1432 + 232° + 25)t5+

(256 4 769z + 132622 + 13992° + 8342 + 2472° + 302° + 2")t? +-- - .

OV (t ) = 14+t + 26+ 55 + (12 4 22)t* + (20 + 1o + 22%)t7+

(70 + 452 + 1527 + 22°)t% + (169 + 158z + 812 + 192° + 22*)t +
(408 + 509z + 35922 + 1292° + 232" + 22°)t%+
(985 + 15502 + 14092% + 700x* 4 1892 + 272° + 229)? + - - - .

OV30 (4 2) = 1+t + 262 + 5t% + 14t* + (37 + 52)t° + (98 + 29z + 522)t0+

(261 + 1242 + 392> 4 52)t™ + (694 + 4752 + 2072* 4 492° + 52)5+
(1845 4 1680z + 96322 + 3102° 4 592* + 52°)t? + - - - .

QUrAO (¢ x) =14t + 26> + 5t° + 14t* + 4265 + (118 + 142)t5+
(331 + 84 + 142?)t" 4 (934 + 3702 + 1122% + 142%)5+
(2645 + 14557 + 6087% + 1402° + 14a™)t? + - - - .

. . . . . 1,0,
We can explain the highest and second highest coefficients that appear in Qﬁfffgg 0)(37)
for all £ > 1. That is, we have the following theorem.

Theorem 15.

(i) For all £ > 1 and n > £ + 1, the highest power of x in Q;?ilgﬁ’o) (z) is 2" 1 and its
coefficient is Cl.

(i1) Qg?ilé;70)(l’)|xn73 =2+ (")) foralln > 4.

(iii) For all £ > 2, ng’llgjg’o)(x)]xn_e_z =Cr1 +Cr+2C(n—2—10) foralln >3+ L.

Proof. For (i), it is easy to see that the maximum number of MMP(0, 1, ¢, 0) matches occurs
for a o € S,(132) if o starts with n followed by any arrangement of S;(132) followed by
(+1,0+2,...,n—1 in increasing order. Thus, the highest power of z in Q(l(;),21,5,0) (t,z) is
2" 1 and its coeflicient is C,.

21



For parts (ii) and (iii), we use the fact that
0.LL0) 01@0 0,0,6,0)
2132 Z Qz 1 132 iz i7132(95)‘

It was proved in [9] that for n > ¢, the highest power of x that occurs in Qﬁffgﬁ’o) (x) is

"% and its coefﬁcient is Cy. It follows that for 3 < ¢ < n — 1, the highest power of x that

appears in Qz i fgoz) (:1:)@7(10;3’7?’;2 (x) is less than n—¢—2. Thus, we have three cases to consider.

Case 1. ¢ = 1. In this case QZO i f302) (x)QiO_’%’gg (x) = Q;Oj}fl’gg(x) so that we get a contribu-

tion of Q4" Y553(2)[pn—r—.

Case 2. ¢ = 2. In this case QZO i f302) (x)Q;O_’%’g% (x) = fo;%’ﬁ’g)z(x) so that we get a contribu-

tion of Qno 026132( )| gn—e-2 = Cl.

Case 3. i = n. In this case QEO} fo)(m)Qf_’g’ﬁ’gg () = leofl’ﬁ’g%(x) so that we get a contri-

Thus, it follows that
0,1,6,0 (0,0,£,0)
Qil,l?)? )(x)x" -2 = 20, +Qn 1132( Man—e-2.
Then parts (i) and (iii) follow from the fact that it was proved in [9] that
QIO ()| pus = (%) for n > 2 and, for all k > 2,

QU () gnr1 = Cpyr — O +2(n — k — 1)Cy, for n > k + 1.

Similarly, one can compute the following.

QUM Ot 2y =1+t 4 2% 4 56° 4 (12 4 22)t* + (24 + 122 + 22°)°+
(64 + 48z + 182% + 22°)t® + (144 + 1602 + 972? + 262> + 22*)t"+
(320 + 480z + 408z + 1842” + 362" + 22°)t°+

(704 + 13442 + 147927 + 9582 4 3272 + 482° + 22%)t” +

022004 ) = 141+ 2% + 55 + 144" + (38 + 42)t° + (102 + 262 + 422)t5+

(271 + 120z + 342% + 42)t7 + (714 4 4702 + 2002% 4 422° + 423+
(1868 + 1672z + 964a” + 3042° + 50z + 42°)t? +
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QW20 2) = 1 4t + 26% + 5t° 4 14¢* 4 4265 + (122 4 102)t5+
(351 4 68z + 102°)t" + (1006 + 3262 + 88z + 102%)t*+
(2168 + 1364z + 5122% + 108z° + 102")t* +

02401 2) = 14t + 202 + 565 + 14¢* + 4265 + 13265+

(401 + 282)t" 4 (1206 + 196z + 282%)t® + (3618 + 964 + 25222 + 282%)t? +

In this case we can explicitly calculate the highest and second highest coefficients that
appear in Qn 135 0)( ) for sufficiently large n. That is, we have the following theorem.

Theorem 16.

(i) For all ¢ > 1 and n > 3 + {, the highest power of x that appears in Q,ffgﬁ“ (x) is

"2 which appears with a coefficient of 2C,.

-2
(ii) For alln >5, Q\isy °><:c>!xn—4=6+2(nz )

(iii) For all ¢ >2 andn >4+ ¢, Qnofgﬁo ()| gn-3-¢ = 2Cp41 + 8Cy + 4Cy(n — 4 — {).

Proof. For (i), it is easy to see that the maximum number of MMP(0, 1, ¢, 0)-matches occurs
for a o € S,(132) if o starts with (n — 1)n or n(n — 1) followed by any arrangement of
Se(132) followed by £+ 1,¢+ 2,...,n — 2 in increasing order. Thus, the highest power of

x Q%ﬁ"’o) (t,z) is 2" *~% and its coefficient is 2C,.
For parts (ii) and (iii), we use the fact that

(0,2,6,0) 0 1,6,0) (0,2,¢, 0 (0 0,£,0)
Qi3 (x) = Qn2y 132 )+ Z Qz 1, 132 @ i,132(I>‘

It was proved in [9] that for n > ¢, the highest power of x that occurs in Qnof’gﬁ 0 (7)is a™*

and its coefficient is Cy. Moreover, it was proved in [9] that

Qi (2)|ns = (Z) for n > 2
and, for ¢ > 2,
QU (@)1 = Cpoy — Cy +2Cy(n — 3 — £) for n > 3+ L.
It follows that for 4 < i < n — 1, the highest power of x that appears in

ng’f’f’g (m)@ﬁ?’g’i’gg( ) is less than n — ¢ — 3. Thus, we have four cases to consider when

(0,2,1,0
computing Qn 132 )( ) zn-a.
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Case 1. Qflo’ll’ll’gﬁ( )|zn—4. In this case, by Theorem 15, we have that,
(0,1,1,0) n—2
Case 2. i = 2. In this case QEO 31302 (x )Q;O%QQ( )= fofg}f;’%(x) and

0,0,1,0) n— 2
Qg 2132( Nan—2 = ( 9 > for n > 4.

Case 3. ¢ = 3. In this case Qlo’%’iéoz (x)Qg“_’(;’j;fQ( ) = 2@&0 03’11’522( ) so that we get a contri-

bution of Qno 03’11’2%( )|gn-1 = 2C, = 2 for n > 5.

Case 4. i = n. In this case Q'* 31302( QWA %’302( ) = Qiloi’,ll’g%(x) so that we get a contri-
bution of Qno 21’11’?);(93)|xn74 =2C) =2 forn > 5.

Thus, it follows that

0,2,1,0
Q7(1,132 )(x)

-2

Similarly, we have four cases to consider when computing Qﬁl‘fﬁﬁ’o)(:ﬁ)hni%e for ¢ > 2.

Case 1. Qflo’ll’ﬁ%( )|gn—3-¢. In this case, by Theorem 15, we have that

Qfmo’lféng( Nan-s-¢ = Crp1+ Cr+2C(n —3 — () for n > 4+ (.

Case 2. i = 2. In this case Q715 (1) Q0 (x) = Q%% () and

Q7(1002€122< Nan-3-¢ = Cpp1 — Cp+2C(n —3 = {) for n > 3+ L.

Case 3. i = 3. In this case onl f302( )Q;O %gg( ) = 2Q™ %KIgQ(x) so that we get a contri-

bution of Q%50 (&) |yns—¢ = 2C; for n > 4+ ¢,

Case 4. i = n. In this case ngf’fffz)(x)foﬁﬁ’gg () = szo_’zl’ﬁ’g%(x) so that we get a contri-

bution of Q%Y () |pns-e = 2C; for n > 4 + L.

Thus, it follows that for n >4 + ¢,

QU (@) pns-e = 2Cpes +4C; +4Ce(n — 3 — €)
= 2Cp1 +8Cy + 40@(71 —4 — E)
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For example, when ¢ = 2, we obtain that
QU ()]s = 26 + 8(n — 6) for n > 6
and, when ¢ = 3, we obtain that
foi?é’ﬁ’o) (x)]|gn-0 = 68 +20(n —7) forn > 7

which agrees with the series that we computed. O]

5 Qi (z) where k(> 1

Suppose that n > k + ¢. It is clear that n can never match the pattern MMP(0, &, 0, ¢) for
k> 1in any o € S,(132). There are three cases that we have to consider when dealing

with the contribution of the permutations of S\ (132) to Qnolgg g)(x).

Case 1. i < k—1. It is easy to see that as we sum over all the permutations o in S,(f)(132),
our choices for the structure for A;(o) will contribute a factor of C;_; to Qnoll;g (z) since
no element in A;(o) can match MMP(0,k,0,¢). The presence of n plus the elements in

A;(0) ensure that an element in B;(o) matches MMP(0, k, 0, ¢) in o if and only if it matches

MMP(0, k—1,0,¢) in B;(0). Hence our choices for B;(o) contribute a factor of Q(O ]z P ()

to fol’;gé (). Thus, in this case, the elements of S (132) contribute C;_ 1Qn0 ’z EE Z)( ) to
(0,k,0,0)
Qn,132 ().

Case 2. k <i <n—/. Note that in this case, there are at least k elements in A;(c) U {n}
and at least ¢ in B;(0). The presence of the elements in B;(c) ensure that an element

in A;(c) matches MMP(0, k,0, /) in ¢ if and only if it matches MMP(0, k£,0,0) in A;(0).

Hence our choices for A;(o) contribute a factor of Qno ]z (1)302) () to Qnollgg ) ().

The presence of n plus the elements in A;(0) ensures that an element in B;(¢) matches
MMP(0, k,0,¢) in o if and only if it matches MMP(0,0,0,¢) in B;(c). Thus, our choices

for B;(o) contribute a factor of Qno 01(1)32( ) to Qnollgg e ). Thus, in this case, the elements
of S (132) contribute Q2113 ()21 113 (¢) to Q152 (2).

Case 3. i >n—/. Let j =mn—1iso that j < {. It is easy to see that as we sum over all the
permutations o in S (132) our choices for the structure for B;(o) will contribute a factor

of C; to Qg)l];g (x) since no element in B;(o) can match MMP(0, k,0,¢). The presence
of the elements in B;(o) ensures that an element in A;(o) matches MMP(0, &, 0, ¢) in o if
and only if it matches MMP(0, £,0,¢ — j) in A;(0). Hence our choices for A;(o ) contribute

a factor of Qioﬁoflgz( ) to Qnolkég g)( ). Thus, in this case, the elements of S (132) con-
tribute Cj Qnoioféz( ) to Qnofgge (z).

It follows that for n > k + ¢,
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Ok[)f
n132 )(5’7)
k—1
(0,k— zOE (0,k,0,0 OOOZ (0,k,0,¢
ZCZ 1Qn 1,132 +ZQ1 1132) n 1132 +ZOQn —J— 111]%; ) (12)

Multiplying both sides of (12) by ¢" and summing, we see that

(0,,0,0) ey — . (0,k,0,0— 1) iy
Qizy(t,x) — Cit’ = t( Cit! ( A Z ¢ ts))

7=0 7=0
k—2 /-1
0,k,0,0 u 0,0,0,¢, v
3 < 532 )<t7x) - Zcut > <Q§32 )(t,$> - cht ) +
u=0 v=0
-1 ' k—j—2
t (Z C;t! ( ) = C’St5>> .
j=0 s=0
Thus
0,k,0,¢
532 )(tv I) =

k+0—1 ‘ k—j—2
Z Cit! 4+t <Z(1t” ( P (O BN CJS)) +

s=0
k—1 /-1
: ( 0 - S (060 - S ) 4
u=0 v=0
‘ k+l—j—2
(ch( OR0ED) (¢, ) — thw>>. (13)
w=0

Note the first term of the last term on the right-hand side of (13) is #( %f’“’f) (t,x) —
SFH2 0,t) so that we can bring the term th(;,ZkM) (t,x) to the other side and solve

w=0
ngﬂk 00 (t,z) to obtain the following theorem.

Theorem 17. For all k,/ > 1,

0,k,0,6 D e(t, )
e "0 (t,2) = —7 (14)
where
kf—1 krt—2 k—2 ' k—j—2
Dy o(t, 7) Z Cith — > Cjtﬂ+1+t< C,t! ( P (O R Cf)) +
7=0 7=0 s=0

0,k,0,0 u 0,0,0,¢ v
t < §32 )(tax) - Zcut > <Q§32 )(tax) - cht > +
u=0 v=0
-1 . ktl—j—2
t (Z C;t! ( ) - Y th“}>).
j=1

w=0
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Note that we can compute Ql?mk 0.0

use (14) to compute ng,zk 0£)<

)(t, x) and QE%’S’O"’) (t,x) by Theorem 4 so that we can
t,x) for all k, ¢ > 1.

5.1 Explicit formulas for Qgg’l%g ’g)(x)

xT‘

It follows from Theorem 17 that

(0,1,0,0) 0,0,0,1
0100, 4y L+ Q1™ (1 2) (@5 (1.2) — 1)
132 (t,z) = 1_¢ )

and

QUGN (t,2) =
0101 0200 0,0,01 0200 0001
1+ Q% "Vt 2) + Q0 0 (1, 2) Q% ™ (t, 2) — Q"0 (1, 2) — tQ3y ™V (¢, x)

- (15)
Similarly, using the fact that
Q" (t, ) = QUG P (t,x) and QU "V (t,2) = Q% "V (1, w),
one can show that
Q7 (t,x) =
L+ (t+ )@V (2) + Qi "t 2)) = 2+ )i ka)

1-—+¢
Here are the first few terms of these series.

QULOD (¢t &) =14t 4 2% + (4 + )83 + (7 + 5z + 222t + (11 + 14z + 1222 + 52°) %+
(16 + 30z + 3922 + 332% 4+ 142*)t% + (22 4 552 + 9522 + 1172 + 98x* + 422°)t"+

(29 + 91z + 1952% + 3092 + 362 + 3062° + 1322°)t5+

(37 + 140 + 3572% + 684> + 1028z + 11972° + 9902° + 42927)t? + - - - .

OOV (@) = 14t + 20 4+ 56 + (12 4 22)t* + (25 + 13z + 42217+

(46 + 45z + 312% + 102°)t° + (77 + 1152 + 1242% + 852° + 282t +
(120 + 245z + 35922 + 3702° + 2522* + 842°)t*+
(177 + 462z + 854z% + 11592° + 1160z + 7862° + 2642°)t? + - .

0202 (1 2) =1+t + 26% + 5> + 14¢* + (38 + 42)t® + (91 + 332 + 822)t0+

(192 + 139z + 78x% + 202*)t" + (365 + 419z + 3772* + 2132° + 562)t5+
(639 4 10292 + 128022 + 11162° + 6302 + 1682°)t° +

It is easy to find the coefficients of the highest power of x in Qnollgg Z)(a:). That is, we
have the following theorem.
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Theorem 18. Forn > k+{+1, the highest power of x that occurs in fof’l’;’;)’” (z) is an k¢

which occurs with a coefficient of CrCrC_r_y.

Proof. 1t is easy to see that the maximum number of MMP(0, k, 0, ¢)-matches occurs for
a o € 5,(132) if o starts with some 132-avoiding rearrangement of n,n — 1,....,n —k +1
and ends with some 132-avoiding rearrangement of 1,2,...,¢. In the middle of such a
permutation, we can choose any 132-avoiding permutation of ¢+ 1,...,n— k. It follows
that the highest power of x which occurs in Qnollgg ) (z) is 2" %% which occurs with a

coefficient of C,,CyC,_1—s. O

We can also find an explicit formula for a coefficient of the second highest power of x

that occurs in Qno’ll?;g 1)(1‘).

Theorem 19. Forn > 4,
Qi @)y = 2C0 s + Cos.

Proof. In this case, for n > 3,
0,1,0,1 0,1,0 1) 071,00 0001
nggz )(f) Qn1, 132 ) + Z Qi1 132 ()@ 132) (@). (17)

We proved in [9] that for all n > 0, ingg 0)( ) = Qflo’llégo (r) = QS’&S’”@). In addition,

we proved that for n > 1, the highest power of x that occurs in Q,(;’I%S’O’(x) is "7 and

Qg{’l%g’o)(:c)]xn_l = (C,,—1 and that for n > 2, inl%go (x)|gn-2 = Cp_1. It follows that for
n >4,

n—1

1,0,0,0 0,1,0,1 (0,0,0,1)
sz,wz )<I)’x”—3 = sz 113%( )|zn—s +Qn 2132( )an—s +
0,1,00 (0,0,0,1)
ZQz 1132 )i 2Qn z132< )gn—i-1
n—2

= Cha+Chs3+ Z Ci—2Ch_i—1
i—2

= Cn—? + Cn—S + On—? = 2071—2 + On—3~

[]

We can also get explicit formulas for ngzl Ot 0), 1%’22’0 Y(t,0), and Qlo 202)(t.0) based

on the fact that we know that

0,1,0,0 0,0,0,1

532 )(t,O) = 532 )(t,O): — and
1—t+4¢

0,2,0,0 0,0,0,2

532 )(t,O) = Qgsz )(tvo):W'
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Then one can use the above formulas to compute that

(0,1,0,1) o l—2t+28%

Q132 <t7 O) — W’
0,2,0,1 1 — 3t +4¢2 — 3+ ¢4

Q§32 )(t70) = -1 , and
0202y oy — L= 4T =50 4487 420
132 (£,0) = e '

It is then easy to compute Qfﬁfgg’”(o) =1+ (}) for n > 2. This is a known fact [4, Table

6.1] since avoidance of the pattern MMP(0, 1,0, 1) is equivalent to avoiding the (classical)

pattern 321 (thus, here we deal with avoidance of 132 and 321).

The sequence {Q\155"(0)},>1 is A116731 in the OEIS counting the number of permu-

tations of length n which avoid the patterns 321, 2143, and 3142.
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