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4 D

Let A= {ay,as,...,ax} be an alphabet of £ letters.
A word in the alphabet A is a finite sequence of letters of the alphabet.
Any ¢ consecutive letters of a word X generate a factor of length .

The set A* is the set of all the words on the alphabet A.

o /




~

Let > be an alphabet.

A map ¢ : X* — X* is called a morphism, if we have

p(uv) = p(u)p(v)

for any u,v € X*.

A morphism ¢ can be defined by defining (i) for each i € 3.
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The Thue-Morse sequence is defined by the morphism p:

p(0) = 01,
(1) = 10.
0, 01, 0110, 01101001, ... .

This sequence does not contain a factor of the form X Xz, where X is
itself a factor and x is the first letter in X.

Another way to define this sequence is

where C is the complement (switching 0 and 1).
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u = ujus ..., where u;'s are letters over a finite alphabet

u's complexity f,(n) is the number of distinct words of the form
UiUis1 - - - Ujrn—1 and its arithmetical complexity a,,(n) is the number of
words of the form ugugiq. .. Ugy(n—1)q for any i,k and d.

For example, if v = 0110011 then f,(3) =4 and a,(3) =6
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1975 — subword (factor) complexity (Ehrenfeucht, Lee, Rozenberg)
1976 — Lempel-Ziv complexity (Lempel, Ziv)

1987 — d-complexity (lvanyi)

1995 — palindrome (palindromic) complexity (Hof, Knill, Simon)
2000 — arithmetical complexity (Avgustinovich, Fon-Der-Flaass, Frid)
2002 — pattern complexity (Restivo, Salemi)

2002 — maximal pattern complexity (Kamae, Zamboni)
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For arbitrary infinite word one has
Pn)<®f(n+|%]), forallneN,

where P(n) is the palindrome complexity and f(n) is the factor
complexity of the word. (Allouche, Baake, Cassaigne, and Damanik,

2003)
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Sturmian words — binary words whose factor complexity is minimal
among all non-periodic words and is equal to n + 1 for all n (study of
Sturmian words dates back to J. Bernoulli 1l (1772), the first
comprehensive study of them was by G. A. Hedlund and M. Morse in
1940). The Fibonacci word is an example of such a sequence.

An infinite word s is Sturmian if and only if for n even the number of
palindrome factors of s is 1 and for n odd it is 2. (Droubay and Pirillo,
1999)

Arithmetical complexity is O(n?) (known upper and lower bounds differ
by appr. 10.58 times). This complexity itself depends on choice of the
Sturmian word. (Cassaigne and Frid, 2007)
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Complexity of an infinite word generated by morphism has one of the
following orders of growth 1, n, nloglogn or n?. (Pansiot, 1984)

The variety of rates of growth of arithmetical complexity is not less than
the variety of possible factor complexity rates of growth. (Frid, 2006)

o /




Patterns in words:

02 010

2

XX — squares, 1

XXX — cubes, 11
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/Permutation patterns:
The pattern 1-2 occurs in 34152 as 34, 35, 45, 15, and 12

The pattern 12, ascent or rise, occurs in 34152 as 34 and 15

The pattern 21, descent, occurs in 34152 as 41 and 52

The pattern 1-23 occurs in 24135 as 235 and 135

eretitions in patterns are allowed too while dealing with words!

The pattern 2-1, (inversion), occurs in 34152 as 31, 32, 41, 42, and 52

/
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Parikh vectors

A={a1 <az <az}

W = (201030103

The Parikh vector of w is (|w|a, |W]ays |[W]as) = (2,1,2)

Introduced by R.J. Parikh in 1966

o
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/Parikh matrices

1
1
0 O
0

-
o O = O

0
0
1
0

= = O

1
1
0
0

0
1
0
0

S = O O

_ o O

( 1
0
0

\ 0

RN e

o = = O

O ~ N

Introduced by A. Mateescu, A. Salomaa, K. Salomaa and S. Yu in 2001
U(aabbc) = V(a)W(a)¥(b)V(b)V(c)

0 )
0
0

o,

Qarikh vector is the second diagonal, but we get much morel

~

/
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/ The (Harter-Heighway) Dragon Curve, 1967 \

The Dragon curve (paperfolding sequence) was discovered by physicist
John E. Heighway. (An example of a recursively generated fractal shape.)

HEE HEE
- IJI_ L
- - 1L L [
[ | O I|_ I__IJ
]IJ_ﬁ I__IIJ H IJ
O — O O
: 3R T oh
I__J - _I_I
_II 1 [ O
| IJI_ JI_ IEJ
L] HE)
I_L L L L L H
: | : ]
|—I IE_I I_I IE_I
L L
H n
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Any natural number n can be presented unambiguously as
n = 2'(4s + o), where o < 4, and ¢ is the greatest natural number such
that 2° divides n.

If n runs through the natural numbers then o runs through the sequence
that we will call the sequence of .

We let w, denote that sequence. Obviously, w, consists of 1s and 3s.

The initial letters of w, are 11311331113313.. ..

o /
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An equivalent definition of the o-sequence:

and Wy — lim Ck

k— o0
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Q={A,B,a,b}, and v and h are the following morphisms.

v = QF h:Q" — {1,3}*
A — AaB A — 1
B — AbB B — 3
a — a a — 1
— b b — 3

Theorem. The o-sequence w, (the Dragon curve) is generated by the
tag-system (2, A,v,h,{1,3}), i.e., w, = h(v“(A)).

o /
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The sigma-sequence w, can be obtained from traveling along the
Dragon curve:

Following the curve from beginning to end, each turn is either to the left
or to the right. Thus, each generation of the dragon corresponds to a
sequences of 1's (lefts) and 3's (rights). It turns out that we get exactly

Wy .

Application to the “Snake in the box" problem.

o /
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Theorem. [SK, 2003] There does not exist a morphism whose iteration
defines the sequence of o.

Theorem. [Allouche, 1997; Baake 1999] For the sequence of o, the
palindromic complexity, P(n), is 0 for n > 14.

o /
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/Samples of counting patterns in w, results, [SK, 2003-2004] \

Among the first 2" — 1 symbols of w,:

2" _ (2”—1—1

l—1—---—1occurs 55="7 I )tlmes

Ve

k

1-2 occurs 2- 4" + (n — 2) - 22 times
221 occurs 3 - 2™ "% — 1 times
12-21 occurs z4"2 — 32"~ times

1-221 occurs %4”_2 +27-2775% _n — 7 times

o /
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The number ¢, of occurrences of 2-1-221 among the first 2" — 1
symbols of w, can be calculated using

T T 5 n 25—3n 4n 171 on
Cn 11 Cn—1 10520 + 556 4 — %12 +9
_|_
— 1
dy 11 n—1 10524 8" + 21252n4n —2mr

with initial conditions ¢ = 70 and df = 74.

o
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/ The Peano (Hilbert) Curve, 1890 (1891) \

The Peano curve is an example of fractal space filling curves.

6 _|__,

A Peano word P, is obtained by traveling along the Peano curve after
the n-th iteration.

P, is over 3 = {u, u,r,7} where u stands for up, u stands for down, r

/

stands for right, and 7 stands for left.

The Peano infinite word P = lim,, o Poy11.

\_
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/Q: {A,B,C,D,a,b,c,d}, and v and h are the following morphisms. \

v:QF = QF h:Q* — X
A — BaAbAcD A — uru
B +— AbBaBdC B — rur
C +— DcCdCaB C — uru
D — (CdDcDbA D — rur
a +— a a +— U
b — b b — r
c = U
— d d +— T
Theorem. [SK, Mansour, Séébold, 2003] P is the infinite word

ngnerated by the tag-system (2, A,7%, 1, %), i.e., P = h((7%)¥(A)). /
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Theorem. [SK, Mansour, Séébold, 2003] The infinite word P does not
contain any factor xyWaxyW zy with x,y letters and W a word. In
particular, the only cubes in P are 22 with = a letter. Moreover, P is
4-power-free.

Corollary. [SK, Mansour, Séébold, 2003] The infinite word P cannot
be generated by a DOL-system, and thus cannot be generated by a
morphism.

o /
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Séébold, 2003]

12(Pogy1) = 2(4 - 16% + 1),
12(Poji2) = 2(168+1 — 1),

21(Pog+1) =

alno

(16k R 1)7

oo

21(Pojy2) = 2(165F1 —1).

The number of occurrences of the pattern (1—)¢ in B, is

4n—1 . 2n—1 s 477,—1 N 477,—1 + 2n—1 —1
14 14 14 '

o

Samples of counting patterns in P, results, [SK, Mansour,

~
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Counting ordered patterns in words generated by

morphisms [SK, Mansour, Séébold, 2008]

A={a1 <az <---<ag}. Let f be a morphism and n > 0. The
incidence matrixz of f™ is the k X k matrix

M(f") = (Mnj)1<ij<k

where m,, ; ; is the number of occurrences of the letter a; in the word

[ (aj).

It is known that M (f)" = M(f").

o
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The vector of non-inversions 1-2(f™) = (|f™(a;)|1-2)1<i<k-
The vector of inversions 2-1(f") = (|f™(a;)|2-1)1<i<k-

The vector of p-repetitions with gaps of a letter
RpG(f”) — (\fn(&z')\(l—)phgigk-

Using f*"*! = f"o f = f o f™, we get the following result.

o
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For each letter a, € A, let p; and gy be such that f(ay) = ar, ... ap,
and f"(a¢) = ayg ... ag Then, for all n € N,

k—1 k k
|fn+1(a£)’1—2 = Z (Z(mn,r,ﬁi' Z mn,s,ﬁj))‘l‘z‘fn(at)ll—Q‘ml,t,ﬁa

1<i<g<py r=1 s=r+1

2

k—1
= Z (Z ml,r.e/‘ Z m1787£/ +Z|f at |1 2" mn,t,£7

1<i<j<qe r=1 s=r+4+1
k r—1

|fn+1(a£)’2—1 — Z (Z(mn,r,ﬁi'z n,s,e +Z|f at |2 1-M1.t,¢,
1<i<j<p, r=2 s=1

k
- Z Zmlrﬁ’ Zml,s,ﬁ’ +Z|f at ’2 1 Mnte -

1<i<y<qpy =2

o /
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The following is obvious.

For each letter ay € A and for all n € N,

k

M@)oy =)

t=1

(

Mn.t.0
p

)
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The Thue-Morse morphism

p(0) = 01,
wn(1) = 10.

I 2n—1 2n—1 ]
M('u ): 2n—1 2n—1

For any integer n > 2,

30




/The Fibonacci morphism

P(a1) = aiaz,

¢(a2) = aj.

For every integer n > 0,

n+2(

" (a1)lpp =

g0”+2(a1) 1.0 =

o

M(p") =

ZZ:O I

It generates Fibonacci sequence ¢ (aq).

Fy
Fn—l

F2

n—p

Fn—l
Fn—2

"2 (ar)|p.1 + Fr +

1
—1

if n is odd,

if n is even.

/
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A particular family of morphisms

f involving at least 2 letters has the following properties:

1. J a positive integer m such that |f(a1)|s, =m, 1 < i <k,

2. J a positive integer d such that |f(as...ar)|e, =d, 1 <i <k,

3. Vi,j, 1 <4,j <k, [f(aia;)|]*s = | f(aja:)|{"5. [For example, for
ext

Thue-Morse morphism, \,u(alag)\l_z = \alagagal\fé =1

= |azaia1a2[77 = [p(aza1)|72

1-0]

o
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For every positive integer n,

" a1)lip = m(d+m)" Y (a1

m(d+m)" 1 —1lm(d+m)™ 1 k ex
4+ [m(d+m) 2] (d+m) Zj:1|f(ajaj)|1_t2

+ m*(d+m)*"? D o1<i<j<k | faia;)|{%5

" a2 ak)|ip = dd+m)" TN [ flai)lio

d(d+m)" 1 —1]d(d+m)™ 1 k ex
+  ddim) SUddEm) S| f(agas)]5%
+ d*(d+m)"? D o1<i<i<h | f(aia;)]1%5

33



/The Istrail morphism, 1977 \

The morphism h on A = {a; < as < as}:

h(al) = ajasas, h(ag) — ai1as, h(ag) = a9
h generates a square-free infinite word, h*(a1), but is not a square-free
morphism: h(ajasayi) = aiasasaiazaiasas contains asaiazas.
The word h*(a1) is closely related to the Thue-Morse word T. If
d: a1 — a1

az = G142

as H— a1a2a9

Kthen T = §(h“(a1)) (Lothaire, 1983). /
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The Istrail morphism, 1977

For n > 1,

|hn—|—1(a1)‘1_2 — ’hn+1(a2a3)|1_2 — 3. 22n—1 1 on,

For n > 1,

(Wt (a1)]y 1 = [P (azas)|pq =3 - 2271 — 2™,

o
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/The Prouhet morphisms, 1851

(A generalization of Thue-Morse morphism)

Wk(ai) = Q;A341 ...0471 ...Q5-1,
Let £ = 6. The morphism g is given by

ay = aj1a2a3a40as5a¢

as, = (a2a3040a5060a71
a3 rH— a3a40a5a060102
a, FH— a4050010203
as > (a50601020304
g FH> (AgA102030405

Let £ > 2 and A ={a1 < --- < ag}. The Prouhet morphism my, is

1 <1< k.

~
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/The Prouhet morphisms, 1851

For every 7, 1 <1 < k, and for every positive integer n,

(k — 1)k"

7Pt (ai)|10 = - (3" + k —2),
g = E @ k)
For example,
me (@)l = 3y (3677 +6-2)

= 6" 1. (456" + 10),

Tt a)]oy = 6771 (456" — 10).

o
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The Arshon morphisms, 5, 1937
A={1,2,... k}.
Let wy = 1. For n > 1, w,1 is obtained by replacing the letters of w,,:

in odd positions in even positions
1—123...(k—1)k 1— k(k—1)...321
2 5 234...(k— 1)kl 2 — 1k(k—1)...432

k12 (k—2)(k—1) | k— (k—1)(k—2)...21k

Then wy = 123...(k — 1)k and each w; is the initial subword of w; 1,
so w = lim w; is well defined.

When k = 3, w is called the Arshon sequence.

o /
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A ={1,2,3,4}.

in odd positions

In even positions

1 — 1234
2 — 2341
3 — 3412
4 — 4123

1 — 4321
2 — 1432
3 — 2143
4 — 3214

o

Then wo = 1234, w3 = 1234143234123214, ... .

~

Let w1 = 1. For n > 1, w,11 is obtained by replacing the letters of w.,,:

39
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Theorem. [Berstel 1979, SK, 2003] There does not exist a morphism,
whose iteration defines the Arshon sequence.

Theorem. [Currie, 2002] No Arshon sequence of odd order can be
generated by an iterated morphism.

o /
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/The Arshon morphisms, 3, 1937 \

Let £ be any even positive integer. For every i, 1 < i < k, and for every

positive integer n,

18 (@) |10 = i k"2 (k—1) 4 2k],

B ai) g = —— [K"7% - (k= 1) — 2k] .

For example,

B8 (i) |10 S (6" -542-6)

= 6" 1.(45-6" + 3),

86 (i)l = 6"71-(45-6" —3).
\_ /
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More examples of morphisms satisfying the three

conditions, but not linked with Thue-Morse sequence:

f:ia1 +— ajasasay
a ++— £
az +H=— a10a4
a, rH— asas3
fn—l—l(al) 1.0 = fn+1(a3&4)‘1_2 — 3. 2n—1 . (2n—|—1 4 1),
ffilan)lpy = 1" asas)lpy = 3-2771- (277 - 1),
a2l = /" a2)lr = O
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More examples of morphisms satisfying the three

conditions, but not linked with Thue-Morse sequence:

h:a ~— aba cab cacbab cba cbe
b +— aba cab cac beca beb abe

¢ +— aba cab cba cbe acb abe

This morphism is square-free (Brandenburg, 1983)

For every x € A = {a < b < ¢} and for every positive integer n,
W ()10 =6-18""1- (918" 4 40),

Wt ()] = 618" (918" — 40).

o
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Consecutive patterns and morphisms

The vector of rises of f" is

R(f")

(\fn(ai)|12)1§z'§k-

The vector of descents of f™ is
D(f") = (I/"(ai)]21)1<i<k-

The vector of squares of one letter of f" is

Ra(f") = (If"(a:)]11)1<i<k-

o
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We define two sequences of k vectors, (F'(f"))nen and (L(f™))nen,
where F'(f™)[i] is the first letter of f"(a;) and L(f™)i] is the last letter

of f"(as) if f"(ai) # e, and F(f")[i] = L(f")[i] = 0if f"(a;) = e.

These two sequences take their values in a finite set: they are ultimately
periodic. Thus they can be computed a priori from f.

o /
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We define

Cr2(i,7) = 4

C2(i,5) = «

n

CH (i, ) = 3

n




4 D

For any morphism f on A, there exists the least integer M ¢ such that,
for every a € A, if f*(a) = ¢ for some n then fMs(a) = €. By
convention, if f is a nonerasing morphism then M; = 0. The integer My
is the mortality exponent of f.

o /
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For each letter ay € A, f(ay) = ay, coag,,, and for all n > My, let
0 .. '%2 be the subsequence of ¢; ...¢,, such that

FrH(ay) = f™ag ...ap,) and f*(ay) #¢e, 1 <i < p). Then

2

\fm_ (a \12—Z|f ag)|i2 - M e + 2012 ;+1),

‘fn (ar ‘11—Z|f at)|11 - mlte—l-zcll i) ;+1
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R(p")
R(,LL2n+1 )
D(p*"+1)

R2 (M2n+1)

o

For any integer n > 0,

The Thue-Morse morphism

3 3

S L | } — D(12") = Ry(1")

2(4™—1) 2(4™—1)
5 t1 3 }

2(4"—1)  2(4"—1)
3 — 3 Tl }

2(4"—1)  2(4"—1) }
3 3 '
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The Fibonacci morphism

For any integer n > 1,

R") = | Far Foos |
D(p*™) = [ Fon_1 Fopo—1 ] = Ro(p?" 1)
Ry(¢™") = [ Fon o —1 Fop 3 ] = D(p*" 7).

50
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Erasing morphisms

fla1) = aiazazay
flaz) = ¢

flaz) = aia4
f(a4) — Q203

One has My = 1.

For any integer n > 1, Ro(f")=|10 0 0 0 } and

o
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if n is even {
if n is odd {

[ on ontliy  gn_y
o0 25 - }

n ontl_o 9n_4
_2 _1 O 3 3 i|7
[ o ontl_1 9711
om0 2 - }

n ontl_4  9n_9
ERN Sy
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Erasing morphisms

gla1) = aia2a4a3
glaz) = as

glas) = ¢

glas) = ajazay

Here we have M, = 2

Rlg)=|2 0 0 2| Dl9)=|1 0 0 0],
Rg(g):[o 0 0 0},and,forany integer n > 2,

o
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[2% 0 0 2%}
[zn—1+2n—2—1 0 0 2 t42n=2_1

[ 2n—2 0 0 2n—2 }
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Thank you for your attention!
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