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o = 517648293
The descent set of o: Des(c) ={1,3,4,6,8}
Eulerian numbers A(n, k) count n-permutations with k& descents

A(n, k) are the coefficients of the Eulerian polynomials

An(t) = Z t1+des(0).

The Eulerian numbers A(n, k) satisfy the identity

An(t)
Y ik — n .
k>0 (1 -ttt
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o = 517648293

The descent set of o: Des(c) ={1,3,4,6,8}

The parity of the first element of descents is fixed:
Desoga(o) = {1,3,8}

b_eseven(g) — {4> 6}

The parity of the second element of descents is fixed:
Desoga(o) = {1,8}

Deseven(o) = {3,4,6}
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o = 517648293

The descent set of o: Des(c) ={1,3,4,6,8}

The parity of the first element of descents is fixed:
Desoga(o) = {1,3,8}

Deseven(o) = {4,6}  Desjn(o)

The parity of the second element of descents is fixed:
Desoga(o) = {1,8}

Deseven(o) = {3,4,6} Desjn (o)
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o = 517648293

The descent set of o: Des(c) ={1,3,4,6,8}

The parity of the first element of descents is fixed:
Desoga(o) = {1,3,8}

Deseven(o) = {4,6}  Despy(o)  Dessy(o) = {4,8}
The parity of the second element of descents is fixed:
Desoga(o) = {1,8}

Deseven(0) = {3,4,6} Despy(c)  Dessy(o) = {3,8}
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We define the following polynomials:

— n
b—‘%odd((’) = Mp(z) = ) z3€S0dd(?) = > Mk,nxk

— n
Deseven(c) = Rp(z) = Z gdeseven(o) — Z Rk,nxk

n

— S K ~
Despn(0) = AP(@) = 3 adesin(@) = 3~ Ay

13



Qn(x7 Z)
He_godd (o) =

Pp(x, z)
D—>€Se\/en(0') —

B (z,2)

——
DBSkN(O') =

N _
Z ;pdesodd(a)zX(Ul is odd)

o€Sh
n 1

Z Z Qj,k,nzjwk

k=0 j=0

% .
Z sdeseven(o) ,x(o1 1S even)

n

> ZP nzj

k=0 53=0

—
Z sdespn (o) ,x(o1€kN)

ZZB,]n

7=01:=0
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Main Goal: Study of the polynomials coefficients.
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Outline of the talk:

Overview of selected results:

Combinatorial identities arising in the studies;

Bijective proofs of certain results;

Connection to the Genocchi numbers;

Directions for further research.
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— T
Deseven(c) = Rp(z) = )_ gdeseven(o) — > Rk,nwk

Theorem. The polynomials {Rn(z)},>1 are given by
1. Ri(x) =1, Ro(x) =1+, and for n > 1,
2. Ropt+1(z) = (1 — 2)L Ry, (2) + (1 4 2n)Ro,(2) and

3. Ropyo(z) =2(1 —2) L Ropr1(x) + (1 4 2(1 + 2n))Ropy1(2).
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— T
Deseven(c) = Rp(z) = )_ gdeseven(o) — > Rk,nwk

Initial values of R,(x) are

Ri(z) =1

Ro(x) =14+«

R3(x) =4+ 2x

Ra(z) = 4 + 162 + 422

Rs(x) = 36 4+ 72z + 1222

Re(z) = 36 + 324z + 32422 + 3623

R7(x) = 576 4+ 2592z 4+ 1728z2 + 14423

Rg(xz) = 576 + 92162 4+ 2073622 4+ 921623 4 5762
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— T
Deseven(c) = Rp(z) = )_ gdeseven(o) — > Rk,nwk

T heorem. We have
2
n
— |
Rk:,Qn _ (n(k>) )

Rpont1 = %((n-l-l)!(rg))%

19



< n
Desoga(0) = Mp(z) = Y. 29%0dd(?) = 3 My, aF

Theorem. For all 0 < k£ < n,

n—1\m-+1
Mio2n = ( . )(k_|_1>(n!)2,

IE

NI )n!(n+ 1.

Mg opny1 = (

20



5 €S
DeSeven(O) = Un n 1 .
= ) D Pipn#z
k=0 j=0

Theorem. The polynomials {P,(x,2)},>1 are given by
1. Pi(z,z2) =1, P>(x,z) =14z, and for all n > 1,

2. Popy1(z,2) = 2(1—2) 2 Pop(a,2) + 2(1 — 2) 2 Pay(x, 2) +
(14+n(1+2))P>,(x,z) and

3. Popto(z,2) = (1 —2) g Pony1(2,2) + 2(1 = 2) & Papt1 (e, 2) +
(1 + 2 +n(l+2))Poppi(,2).
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o€ES
DeSeven(O) = o n 1 .
= ) D Pipn#z
k=0 j=0

The first few polynomials P, (x, z):

Pi(z,z) =1

Py(x,z) =14z

P3(x,z) =24+ 2z+4 2x

Py(x,z) =4+ 8z + 8x + 4xz

Ps(x,z) = 12 + 242 4 48z + 24xz + 1222

Pg(z,2) = 36 4+ 108z 4 216x + 216xz + 10822 + 36222

Pr(x,z) = 144 + 4322 4+ 12961 + 129622 + 129622 + 432222 + 14423
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Pp(x, z)

—
D€Se\/en(0') m—

oESH

n 1 .
= 3 Y Pipadat

k=0 j=0

Z sdeseven(a) ,x(o1 1S even)

Theorem. For all 0 < k < n,

P1 i on
Po k. 2n
Po k. 2n+1

Pq k on41

G e
TS

(1) (m()”,

(n+1)(n— k) (n'(n)>2

E+1 k

23




Qn(z,2z) = Z +d€8544q(0) ,x(o1 is 0dd)
Desodq(o) = 75
— Z Z Q]kn'z]
k=0 j=

Theorem. The polynomials {Qn(z, 2)},>1 are given by
1. Q1(x,2) =2z, Qo(x,2) =z+x, and for all n > 1,

2. Qopt1(x,2) =2(1 —2)2Qon(x,2) + 2(1 — 2) LQon(x,2) +
(z +n(1+2))Q2(x, 2)

3. Qonga(z,2) =2(1-2)2Qopt1(z, 2) +2(1—2)LQopy1(z, 2)+
(1+n)(1+2)Qopt1(x,2).
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—
Desggq(o) =

Qn(z,2) = Z sd€s544q(0) x(o1 is 0dd)

JES@

— Z ZijnZ] b

k=0 j=

Theorem. For all

Q0,k,2n
Q0.k,2n41
Q1.k.2n

Q1.k2n+1

0 <

k< n,

n— 1\ /m
P ICOR
(n+1)(n—k+1)

k
n—1\/mn
(" ()@
n!(n—l—l)!(Z)z,

((

n

)
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n

DGSkN(O') = A<k)(gj) — Z mdeskN(U) — Z A(k)
oESH ]_O

T heorem. We have
k
1. AP @) =1,

2. Forj=1,....k-1andforn >0, A%, (2) = (1-z) LA, . (2))
‘|‘(7477J‘|‘J)A].m_|_(7 1(z), and

3. AR (2) = (a—22) (A @)+ Ata(ntb—1)) AR ) ()
forn>1.

26



n

Despn(o) = AP@) =% pdesin (o) — Z AR i
oESH ]_O

Theorem. For 0 <3< k—1and 0 < s < n,
(k—l)n-I-j-I-r)(kn—l-j—I-l

r

AR = (B=Dn+)! [Z(—l)s—r(
r=0

S —T

n—1
H(r+1+j+(k—1>z'>].
1=0

)

27



n

— I '
<D_€SkN(O') = A%’“)(az) = zdeskN (o) — > Agj,b)azj
oESnh 7=0

Theorem. For 0 <3< k—1and 0 < s < n,

(k—l)n-l-j-l—r)(kn—l-j—l-l)x

r

AR L= ((k=Dn+j)! [Z(—l)s‘r(
r=0

S —T

n—1
H(r+1+j+(k—1>z'>].

1=0

Corollary. [Two special cases of the Saalschiitz's identity]
() = S0 () ()
() = S0 () (H ()

28



Despn(o) = AP@) =% pdesin (o) — Z AR i

n

7=0

Theorem. For 0 <

((k—1)n + j)! [Z(—DH(
r=0

1=0

((k—1)n + j)! [Z(—DH((
r=0

H(r + (k — 1)@)] .
i=1

<k—1and 0K

n—1
[[C+1+5+ G- 1)z‘)] .

< n,

/f—1)n-l—j-I—r><l~m—|-j—|—1)><

(A s—r

k—l)n-l-j-l-r)(kn-!-j-l—l)

r S —Tr

29



Corollary. ForO<j<k—1and 0 <s < mn,

s E—1n+j5+nr\/kn+75+1 1)) =
;< 1y ) )H( + (k—1)i) =

r S—T

r n—s—r

5—1)”**(““””“*")(’“"““)H( + 14+ (k= 1))
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Corollary. ForO<j<k—1and 0 <s < mn,
Z(_l)s_r( —1)n+]+r)(kn+]+l) H( 4k 1)) =
r=0

r S —T

g(_l)n_s_r<(k— 1)n+j-|-'r) (kn-l-] - 1> H< PSR

r n—s—r i—0
s = O:
(k= 1"(n1) =
Sy (7D (A TG e 0
r=0 1=0
s =1:

((k=Dn+i+D)]]A+ (k-1 - (kn+i+1)(k—-1)"(n!) =

1=0

nzl(—l)”lr((k —n+j+ ’r) (kn +7+ 1) H('r +n+ (k- 1)7).
r=0

r n—1-—
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quk)(xﬂz) = ¥ Ldesn (o) x(o1€kN)
DGSkN(O) = L% 1 "
— Z Z Bi,],nzzx]
7=01:=0

Theorem. For any £ >2 and n > 0,

1. B (z,2) =1,

2. B i(2,2) = (21— 2)Z +2(1 - 2)ZL+nz+ 1+ (k—Dn+j)) x
(B, (z,2)) for 0<j < k-2, and

3. B,gi)_'_k(a:, z) = (:c(l — :13)(% + 2(1 — z)% +ne+z4+(k—-1)n+ 1)) X
(Binpi1(@:2)).

32



quk)(xﬂz) = ¥ Ldesn (o) x(o1€kN)
DGSkN(O) = L% 1 "
— Z Z Bi,],nzzx]
7=01:=0

Theorem. Foralln>0,k>2,, and 0< 3 <k —1,

(k) _
Bl,n—l—s,kn—l—j —
s

(k= D4 1Y 1y (E D HIE ()

r S—r
r=0

n—1 /p—1 n—1
> (H(j+(k—1)i)> ( 1] (1—|—j—|—(k_1)7;)> ,

p=0 \i=0 i=p+1



—
Desgy(o) =

[
IMe
3

@

Theorem. Forall0<s<n, k=22, and 0<j<k—1,

k—l)n+j+7“)(kn+]—|—1

r

)H(T-l—J—F(k—l)z)

S—Tr

((k = D)n + j)! Z(_l)s—r((
r=0
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5 ocESh
Despn(o) = 12|
= 3 B
=0 J

Theorem. Forall0<s<n, k=22, and 0 j<k—1,

n—1

(k — 1)n+j+r> (kn+3’+1) [T+ 5+ (k= 1))
1=0

r

(k= Dn 4+ )Y (=1 (
r=0

S—T

Corollary. [Two special cases of the Saalschiitz's identity]

n_—l—l(n)Q — yns (_1)ns (ni—r) <n—|—r—|—1> ( 2n+2 );

s+1\s r n—s—r

() () = i () () ()
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5 oc€Sn
Desgy(o) = n
= > B
=0 J

B?Sk—)s,kn—kj

: k—1 ' k 1 n—1
(= Dm0 S (FT P TIE (EI D [Te 4+ - 0o
Btg,kl;)n—i—j -

n

(k—l)n+j+r><kn+ﬂ'+1) [Ta+r+&-10)].
=1

r

((k—1)n+j)! [Z(—l)s”’<
r=0

S—rT
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—
Despn(o) = n

[
1)
R
Z
&b

Theorem. Forall0<s<n, k=22, and 0<j<k—1,

n

1=1

r=0 r §—T
nz_f(—l)”—S—r((k - 1)7::4‘ Jj+ ?“) (k:: j—jj—r1> ﬁ(r i (k- 1)),
i=0

r=0
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Bijective proofs

< n
Deseven(c) = Rp(z) = ) gdeseven(o) — > Rk,na:'k

Ro(zx) =1+«
Ra(x) = 4 4 162 + 422
Rg(x) = 36 + 3241 + 32422 4 3623

Rg(x) = 576 4+ 92162 4+ 2073622 4+ 921623 4+ 57624

38



Bijective proofs

< n
Deseven(c) = Rp(z) = ) gdeseven(o) — > Rk,na:'k

Ro(zx) =1+«
Ra(x) = 4 4 162 + 422
Rg(x) = 36 + 3241 + 32422 4 3623

Rg(x) = 576 4+ 92162 4+ 2073622 4+ 921623 4+ 57624

ean = ()" = (n1(," )" = Focvan
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Bijective proofs

< n
Deseven(c) = Rp(z) = ) gdeseven(o) — > Rk,nazk

38215647 —counted by R3g
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Bijective proofs

< n
Deseven(c) = Rp(z) = ) gdeseven(o) — > Rk,na:'k

38215647 —counted by R3g

382156479 —adummy element is added
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Bijective proofs

< n
Deseven(c) = Rp(z) = ) gdeseven(o) — > Rk,na:'k

38215647 —counted by R3g
382156479 —adummy element is added

7289546 31— the complement is taken
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Bijective proofs

< n
Deseven(c) = Rp(z) = ) gdeseven(o) — > Rk,na:'k

38215647 —counted by R3g
382156479 —adummy element is added
7289546 31— the complement is taken

9546317 28— a cyclic shift is made
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Bijective proofs

< n
Deseven(c) = Rp(z) = ) gdeseven(o) — > Rk,na:'k

38215647 —counted by R3g
382156479 — adummy element is added
7289546 31— the complement is taken
9546317 28— a cyclic shift is made

54631728—counted by R4_38= Ry 3

44



Bijective proofs

< n
Deseven(c) = Rp(z) = ) gdeseven(o) — > Rk,nazk

Pn(ZC, Z) —
—_— eS
Deseven(o) = Tn 1 -
= > D Pign¥a
k=0 53=0

3 mdeéeven(a) _x(o1 is even)

Ry on = Po kon + P1 k—1.2n
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Bijective proofs

l<7—€SkN(O') = Ag{)(ag) — Z xdeskN(U) Z A(k)

Bq(lk)(x’z) — Z wdeskN(U)ZX(UlekN)
Desp (o) = ]
= > > BM.
7=01:=0

Forall k>3, n>0, and 1 <j < |[n/k],

(k) _ 2 (k)
Aj,kn—|—k—2(x) — An—j,kn+k—2(x>‘
(k) _ (k) (k)
A] kn+k—2 — BO,j,k:n—I—k—Q + Bl,j—l,kn—l—k—Q'




Genocchi numbers can be defined by

Dt — 4 Y (DG t2n
er+1 M (2n)!

Dumont showed that the Genocchi number G»,, is the number of
permutations o = o105+ - 09,41 IN Sy, Such that

o, <o;y1 If o5 is odd,
o, >o;41 if o5 is even.

The first few Genocchi numbers are 1,1,3,17,155,2073,....
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Superscripts e,o, or x in a pattern are used to require that in an
occurrence of the pattern in a permutation, the corresponding
letters must be even, odd or either.

25314 has two occurrences of the pattern 2*1° (they are 53
and 31, both of them are occurrences of the pattern 2°19), one
occurrence of the pattern 192¢ (namely, 14), no occurrences of
the pattern 1929, and no occurrences of the pattern 2¢1*,

60



Superscripts e,o, or x in a pattern are used to require that in an
occurrence of the pattern in a permutation, the corresponding
letters must be even, odd or either.

25314 has two occurrences of the pattern 2*1° (they are 53
and 31, both of them are occurrences of the pattern 2°19), one
occurrence of the pattern 192¢ (namely, 14), no occurrences of
the pattern 1929, and no occurrences of the pattern 2¢1*,

We can state an alternative definition of the Genocchi numbers:

Definition. The Genocchi number Gy, is the number of permu-
tations in S, 41 avoiding simultaneously the patterns 1°2* and 291~.
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Superscripts e,o, or x in a pattern are used to require that in an
occurrence of the pattern in a permutation, the corresponding
letters must be even, odd or either.

25314 has two occurrences of the pattern 2*1° (they are 53
and 31, both of them are occurrences of the pattern 2°19), one
occurrence of the pattern 192¢ (namely, 14), no occurrences of
the pattern 1929, and no occurrences of the pattern 2¢1*,

Definition. The Genocchi number G5, is the number of permu-
tations in S, 41 avoiding simultaneously the patterns 1°2* and 291%.

Conjecture. The number of permutations in S5, avoiding simul-
taneously the patterns 2*1¢€ and 2¢1* is the Genocchi number Go,,.
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Open problems

Give an inclusion-exclusion combinatorial argument to prove

»
x>
S
+
.

|

Tr S—T

((k — Lyn + ) [ij(—lw((’“ EAREAR TGt P
r=0

n—1
H(1+r+j+(k—1)z')].

1=0

BO (b= n+ ) [i(_l)s_r((k— 1)n+j+r) (kn-l—j-l— 1)><
r=0

Tr S—T

[Ja+r+&- 1)7;)] .
=1

63



Open problems

A point to start might be the case s = 0 (avoidance) and k = 2,
and understanding by inclusion-exclusion the fact that

AR, = <nl>zz< per (PN (Y

n—r n

T

n—r n r

AZiy = B = (n+ Dl Y (1) (

Bc(),Qz)n (n!)2 Z( 1) T(Qn + 1) (n + r) (n +7r — 1).

n—r n n
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