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Quick start

The number of all partitions of n:
1
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The number of all compositions of n:

2TL—1

The number of all compositions of n with k& parts:

()



Quick start

All compositions of 3:

111 <« palindromic composition
21

12
3 «— palindromic composition



Quick start

A Carlitz composition is a composition in which no two consec-
utive parts are the same.

All compositions of 3:

111

21 «— Carlitz composition
12 <« Carlitz composition
3 <« Carlitz composition



Quick start
Rise — a summand followed by a larger summand.
Drop — a summand followed by a smaller summand.
Level — a summand followed by itself.

All compositions of 3:

111 «— two consecutive levels
21 «— drop

12 <« rise
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Compositions built on the elements of a set A.

e Alladi and Hoggatt (1975): A =1{1,2}

e Chinn and Heubach (2003): A = {1,k}

10



Compositions built on the elements of a set A.

e Alladi and Hoggatt (1975): A =1{1,2}

e Chinn and Heubach (2003): A = {1,k}

e Grimaldi (2001): A=N—-{1}

e Chinn and Heubach (2003): A =N — {k}

11



Compositions built on the elements of a set A.

e Alladi and Hoggatt (1975): A =1{1,2}

e Chinn and Heubach (2003): A ={1,k}

e Grimaldi (2001): A=N- {1}

e Chinn and Heubach (2003): A =N —{k}

e Grimaldi (2000): A= {2k+ 1,k > 0}

e Chinn, Grimaldi, and Heubach: A =N



e Hoggatt and Bricknell (1975): compositions with parts in a
general set A (generating function for the number of compo-
sitions and the number of parts is found)
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e Hoggatt and Bricknell (1975): compositions with parts in a
general set A (generating function for the number of compo-

sitions and the number of parts is found)

e Heubach and Mansour (2004):

— The generating function for the number of Carlitz compo-
sitions of n with parts in A is given by
1 .
1 o ZCLEA 1—T—xa

— The generating function for the number of compositions
of n with parts in A such that m parts are in B is given by

(Xaepx®)™ .
(1- zaEA\B xa)m—|—1

14



Cn(A) — the number of compositions of n built on A;
Pn(A) — the number of palindromic compositions of n built on A;

Culz;y;r 0,d) = S0 ZJEC’A xnyparts(a)rrises(a)glevels(a)ddrops(a)

Pa(z:y:r 0,d) = S n>0 Z(,EpA xnyparts(a)rrises(a)glevels(a)dd rops(o)
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If A={aq,an,..

,arpt With a1 < ap < --- < ag then

x%iy 4 £2%y2 (0 — dr)

1 — x20iy2 (42 — dr)

xzazder
1 — x20iy2 (42 — dr)
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If A={aq,as,...,a;} with a1 <ap <--- < ap then
L4 zk: x%iy 4 £2%y2 (0 — dr)
— 1- x2%iy2 (02 — dr)
Pp(x;y;r, b, d) = ——=
k 1 2%igy2 dr
1- Y J
= 1- x2%iy2(02 — dr)
| i1 |
(S aty Pty
; 1 — 2% (E—d)Hl—a:az‘ (¢ — d)
j=1 Y i=1 Y
Calz;y;r L, d) = —
14y x%y JH 1 — x%y(l —r)
= 1 —z%y(f—d) 51— z%y(f —d)
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Rises in compositions: consider %CA(a:;y;r, 1,1) at r =1 to get

S 3 rises(o)z"yParts(o) =

n20 gcCA
k

J

m
xaj> ym—|—2
1

( Z xai—l-aj> Z (m—+ 1) (

k=5>1>1 m=0
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Rises in compositions: consider %CA(a:;y;r, 1,1) at r =1 to get

S 3 rises(o)z"yParts(o) =

nz0 geCy

k m
( 2. wai“j) Z(m+1)(2w“j> y" e
j=1

k=5>1>1 m=0

Levels in compositions: consider %CA(a:; y;1,¢,1) at £ =1 to get

Sy levels(a)zyPartse) —

nz0 gcC

k
]:

e m
(Z an]) Z (m+ 1) ( xa]) ym-|-2
1=1 m =0 1

20



Carlitz compositions: ¢ is a Carlitz composition < levels(o) = 0O;
Generating function for Carlitz compositions is given by Cy(x; y; r,0,d).
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Carlitz compositions: ¢ is a Carlitz composition < levels(o) = 0O;
Generating function for Carlitz compositions is given by Cy(x; y; r,0,d).

Partitions: o is a partition < rises(o) = 0; Generating function
for partitions is given by Cy(x;y;0,4,d).
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Carlitz compositions: ¢ is a Carlitz composition < levels(o) = 0O;
Generating function for Carlitz compositions is given by Cy(x; y; r,0,d).

Partitions: o is a partition < rises(o) = 0; Generating function
for partitions is given by Cy(x;y;0,4,d).

Wait ...
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Carlitz compositions: ¢ is a Carlitz composition < levels(o) = 0O;
Generating function for Carlitz compositions is given by Cy(x; y; r,0,d).

Partitions: o is a partition < rises(o) = 0; Generating function
for partitions is given by C4(x;vy;0,4,d).

Wait ... can we answer a question like: how many levels are
followed by rises among all compositions of n7
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Carlitz compositions: ¢ is a Carlitz composition < levels(o) = 0O;
Generating function for Carlitz compositions is given by Cy(x; y; r,0,d).

Partitions: o is a partition < rises(o) = 0; Generating function
for partitions is given by Cy(x;y;0,4,d).

Wait ... can we answer a question like: how many levels are
followed by rises among all compositions of n7

To answer such questions we introduce segmented patterns in
compositions.

25



13183316 — a composition of 25

13183316 — an occurrence of the segmented pattern 2132

13183316 — an occurrence of the segmented pattern 213
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13183316 — a composition of 25

13183316 — an occurrence of the segmented pattern 2132

13183316 — an occurrence of the segmented pattern 213

A level followed by a rise is an occurrence of the pattern 112.

Level — 11; Drop — 21; Rise — 12
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13183316 — a composition of 25

13183316 — an occurrence of the segmented pattern 2132
13183316 — an occurrence of the segmented pattern 213

A level followed by a rise is an occurrence of the pattern 112.
Level — 11; Drop — 21; Rise — 12

A rise followed by a rise corresponds to the pattern 123.

A rise followed by a drop is either 132 or 231 =segmented partially

ordered pattern 13'2 where 1<3" and 2<3’ are the only relations
on the poset.
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A poset is built on 1, 1" and 2" with the only relation 1'<2’;

All linear extensions of 11’2’ are 123, 213 and 312.

Occurrences of 11'2" in 31254 are 312 and 125.
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A poset is built on 1, 1’ and 2’ with the only relation 1'<2’;
All linear extensions of 11’2’ are 123, 213 and 312.
Occurrences of 11'2" in 31254 are 312 and 125.

If py, is the number of k's in a composition v, then p = (u1,..., ;)
is the content vector of v (j is the largest letter of v).

Example: 1= (2,0,1,2,1) is the content vector of 411345.
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Composition 253 of 10 is order isomorphic to compositions 154,
163 and 172 of 10.

31



Composition 253 of 10 is order isomorphic to compositions 154,
163 and 172 of 10.

The generating function for the number of compositions of n
that are order isomorphic to pattern v is

J

Py(z) = H

k=1
where my. :,uj_k_|_1—|—---—|—,uj for 1 < k< jand (,ul,...,,uj) is the
content vector of wv.

"k

1 — gmi’
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w = wiwo - -wm — a segmented pattern with m parts;

cw(n, £,s) —the number of occurrences of w among compositions
of n with £+ m parts such that the sum of the parts preceding
the occurrence is s.
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w = wiwo - -wm — a segmented pattern with m parts;

cw(n, £,s) —the number of occurrences of w among compositions
of n with £+ m parts such that the sum of the parts preceding
the occurrence is s.

Theorem. [Kitaev, McAllister and Petersen, 2005]
For a segmented partially ordered pattern w, we have

(1 —2)(1 —xz2)
(1 —x2—2y)(1 — 22 — 2Yy2) ZU:PU((B)

> cw(n,t, s)a"ytz® =
n,l,seN

where the sum to the right is over all linear extensions v of w.
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Corollary. [Kitaev, McAllister and Petersen, 2005]
Given a segmented pattern w, the number of occurrences of w

among compositions of n is equal to

(1-—
= )szx)

where the sum is over all linear extensions v of w.
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Corollary. [Kitaev, McAllister and Petersen, 2005]
Given a segmented pattern w, the number of occurrences of w
among compositions of n is equal to

(1—x)°
[z"] (1— 2:13)2 ZP’U( ),

where the sum is over all linear extensions v of w.

Example. We compute the number of occurrences of m lev-
els immediately followed by a rise (corresponding pattern: w =
1 -;11 2). The content vector of wis u=(m+1,1), so we have
m

xm—|—3
(1 —2)(1 —amt2)

and the number of occurrences of w among all compositions of
n is

Puw(x) =

(1 _aj)me—l—S
(1 —22)2(1 —2)(1 —amT2)

"]
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Two corollaries of the theorem above:

e [ he generating function for the expected number of occur-
rences of w in a randomly selected composition of n is:

2 — )2
i Y Pu(a/2).

where the sum is over all linear extensions v of w.

e Given n € N and k£ € [n— 1], the number of k-parts among all
compositions of n is 2" %=2(n — k + 3).
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Encoding by restricted permutations

Theorem. [Chinn, Grimaldi, and Heubach, 2003]
The number of k-parts in palindromic compositions of 2(n — 1)
is (n— k4 1)2" k=1 when & is odd.

One can prove this result combinatorially by finding a bijection
between the k-parts in the palindromic compositions and the per-
mutations wiwp ---wy_k41 OF {1,2,...,n — k+ 1} such that, for
some £ €4{2,3,...,n}, wp > w3z > - >wp < wpjpq < - < Wy_ft1-
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The number of all palindromic compositions of n is P, = 2L7/2]
and thus the number (), of all compositions is

o | 3B ifn=2k
Tl P2 ifn=2k+1

Conjecture. For each integer n there exists at least one tiling
of the P, x nP, rectangle using

e the (), bargraphs corresponding to the compositions of n, if
n is odd;

e the (), bargraphs corresponding to the compositions of n used
twice, if n is even;

Each bargraph can be rotated.
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